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Abstract

Decision tree learning algorithms, such as Classification and Regression Trees (CART), are
commonly founded on heuristics that greedily maximize purity gain. Despite their practi-
cal success, the theoretical properties of these algorithms, such as consistency, remain un-
clear. This paper uncovers a substantial obstacle in analyzing the consistency of decision
tree learning algorithms, in which the worst-case purity gain can be zero and a gain value
of zero usually results in a non-convergent training error. Building upon this observation,
our previous work introduced GridCART, a grid-based decision tree that can yield posi-
tive purity gain and achieve consistency under Lipschitz smoothness and a product feature
distribution. This article extends the grid-based construction to random forests and gradi-
ent boosting decision trees, and establishes consistency-rate upper bounds for Grid-based
Random Forests (GridForest) and a square-loss specialization of the Grid-based Gradient
Boosting Decision Tree (GridGBDT). Experiments on 20 OpenML datasets show that the
grid-based ensembles perform comparably to their conventional counterparts.

Keywords Decision tree - Consistency - Statistical learning theory - Ensemble learning -
Random forest - Gradient boosting decision tree

1 Introduction

Decision trees stand out as one of the most favored techniques in machine learning and data
mining. The widely used CART (Breiman et al., 1984) represents a heuristic-driven algo-
rithm rooted in tree-based learning. At each step, CART strategically selects a feature and
a corresponding cut point to maximize the purity gain. Subsequently, it divides every leaf
¢ into two children, that is t N {x | x® < s} and t N {x | xX®) > s}. This recursive process
persists until all leaf nodes exclusively contain samples with identical labels. Despite its
reliance on heuristics, this top-down methodology has demonstrated efficacy across diverse
task domains. Moreover, CART commonly serves as the base learner in ensemble learning
frameworks like the popular random forest (Breiman, 2001), gradient boosting decision
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tree (Chen & Guestrin, 2016; Ke et al., 2017) and deep forest (Zhou & Feng, 2019). Hence,
understanding the underlying factors contributing to its success is of great importance.

Consistency describes whether a learning algorithm can eventually learn the optimal
classifier from a large amount of training data with high probability (Devroye et al., 1997),
providing a solid theoretical guarantee for the algorithm’s performance. Despite empirical
progress over three decades ago (Breiman et al., 1984), the general consistency of heuristic
tree learning algorithms, such as CART, remains unclear. Numerous efforts have been made
to address this issue. Some studies (Devroye et al., 1997; Biau et al., 2008; Gao & Zhou,
2020) have demonstrated the consistency of purely random trees, whose splits are indepen-
dent of the observed labels. Note that the label dependency in node splitting is essential for
CART and may cause great challenges in proving consistency. Scornet et al. (2015) was the
first to analyze the label-dependent node splitting and showed that CART is consistent under
the assumptions of additive target functions and uniformly random feature distribution. Klu-
sowski and Tian (2024) relaxed the assumption on feature distribution and established the
consistency of CART in high-dimensional settings with additive target functions. Neverthe-
less, in real-world tasks, we typically lack side information about the target function, render-
ing the assumption of additive target function being too ideal.

This journal article extends our AISTATS 2023 paper (Zheng et al., 2023). The confer-
ence paper identified the zero-purity-gain obstacle and introduced GridCART, for which
it established a consistency rate of order O(n~(4+2)) without assuming an additive target
function. The present article retains this material to make the development self-contained
and extends the grid-based construction to ensemble learning. The additional contributions
of the journal version are summarized as follows:

1. We formulate GridForest and establish a consistency-rate upper bound by combin-
ing existing control of subsampling and random feature selection with our control of
grid shifting. We also extend the fast rates under additional margin and strong density
assumptions.

2. We formulate GridGBDT and establish a consistency-rate upper bound for the square-
loss. By exploiting the common-grid residual structure and the geometric contraction of
the boosting updates, we show that, under the stated parameter choices, O(log n) boost-
ing rounds suffice to attain the rate O(n=" (d+2)), matching the GridCART rate under the
same assumptions.

3. We evaluate GridForest and GridGBDT on 20 OpenML datasets. The grid-based
ensembles obtain performance comparable to their conventional counterparts on this
benchmark.

The rest of this paper is organized as follows. Section 2 reviews the related work. Section 3
introduces some essential terminologies and notations. Section 4 highlights the challenges
associated with proving the convergence of CART. Section 5 presents the GridCART with
its consistency rate and time complexity for binary classification. Section 6 extends Grid-
CART to encompass ensemble learning methods such as random forest-based and gradient
boosting-based approaches. Section 7 further expands GridCART to address more general
tasks, including multiclass classification and regression. Section § empirically evaluates
GridCART and its ensemble extensions. Section 9 discusses the limitations of the present
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results and directions for future work. Section 10 summarizes our findings and concludes
the paper.

2 Related Work

Decision-tree algorithms: Classical decision-tree learning dates back to ID3 (Quinlan, 1979,
1986), followed by C4.5 for continuous features (Quinlan, 1993) and CART for classifica-
tion and regression (Breiman et al., 1984). Subsequent work has considered, among other
directions, multivariate splits (Brodley & Utgoff, 1995), alternative splitting criteria (Min-
gers, 1989), incremental tree construction (Utgoff, 1989), and extremely randomized
trees (Geurts et al., 2006). Tree-based ensembles, including random forests (Breiman, 2001),
XGBoost (Chen & Guestrin, 2016), LightGBM (Ke et al., 2017), and deep forests (Zhou
& Feng, 2019), further improve predictive performance by combining multiple trees. Our
methods remain within this algorithmic lineage: GridCART is a greedy, top-down, label-
dependent tree learner, while GridForest and GridGBDT are its grid-based random-forest
and gradient-boosting extensions, respectively. The grid is therefore not a new ensemble
principle; it is the device that makes the Influence-based splitting quantities estimable and
enables the consistency analysis developed in this paper.

Consistency of decision trees: One line of theory studies trees whose structures are fully
or partly randomized. Purely randomized trees have been shown to be consistent (Biau et
al., 2008), and subsequent work derived consistency rates for randomized trees and simpli-
fied variants of Breiman’s CART (Gao & Zhou, 2020; Gao et al., 2022). Because their tree
growth is label-independent, these analyses do not encounter the same difficulty as greedy
CART-style methods, whose splits depend on the observed responses. GridCART preserves
such label-dependent, greedy construction; consequently, its analysis must directly address
the zero-purity-gain obstacle identified in Section 4.

A second line analyzes CART under structural conditions on the target function. Scor-
net et al. (2015) established consistency under uniformly distributed features and an addi-
tive regression function with Gaussian noise, and Klusowski and Tian (2024) extended
the analysis of CART with additive target functions to high-dimensional settings. Related
results include a lower bound for CART when learning additive functions (Tan et al., 2022)
and rates under a sufficient-impurity-decrease condition (Mazumder & Wang, 2023). In
contrast, our target function need not be additive or satisfy a sufficient-impurity-decrease
condition: apart from Lipschitz regularity, we impose no structural assumption on it. We
instead modify the impurity criterion and estimate it on a grid, obtaining an @(n=1(d+2))
consistency rate for a greedy, label-dependent tree and extending the analysis to its random-
forest and gradient-boosting variants in Section 6.

Influence-based tree learning: The work most closely related to our splitting criterion
uses Influence (Kahn et al., 1988; O’Donnell, 2014) as an impurity measure for variants of
CART (Fiat & Pechyony, 2004; Blanc et al., 2020b). Those studies analyze the training error
of trees for Boolean functions. We adopt the same high-level idea of measuring coordinate-
wise Influence to prevent the purity gain from vanishing. However, we consider a different
statistical setting that involves real-valued feature spaces and unknown data distributions.
Our analysis also focuses on population consistency rather than convergence of the train-
ing error. InfCART formalizes the population-level Influence criterion, whereas GridCART
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estimates the required quantities from data. This connection allows us to derive finite-sam-
ple consistency rates and extend the construction to ensemble learning.

3 Preliminaries

Table 1 lists most of the notations used in this paper.

Setting: Let X = [0,1]¢ and ¥ = {0,1} be the feature space and label space, respec-
tively. Let p : X' > R* be an underlying probability density function on X, and let
n(x)=Pr[y =1| X =x] be the conditional probability function. We observe data
D, = {(X1, Y1), (X3, Y3), ..., (Xp, Yy,) } drawnii.d. from X; ~ pandY ;x, ~ Bernoulli(n(X;))
, where X; = X", X®,...X") is a d-dimensional vector. Let R(h) 2 Pr[h(X) # Y]
denote the generalization error of hypothesis 4. We write the Bayes error and the target
function (or Bayes optimal classifier) as

R* = min R(h) and f € argmin R(h),
h:X-=Y hix—yY

Table 1 Summary of notations Notation Description

R, f Bayes error and target function, respectively

Px The underlying probability density of the feature
distribution

p The estimated probability density of the feature
distribution

~(j#k) The estimated probability density of all coordi-

p Lk
nates except X

X Random vector in X = [0,1]4, representing the
features of a sample drawn from D

Y Random variable in ¥ = {0, 1}, representing the
label of a sample drawn from D

Dy, Sample set containing # random pairs (Xj, Y;)

x® The k-th coordinate of random vector X

x U7 Vector consisting of all coordinates of X except
the k-th

X Deterministic vector in X = [0, 1]4

G Impurity function G : [0,1] — [0, 1]

7(x), H(x) Ground-truth and estimated conditional prob-
ability functions, respectively

T(x) Tree function T : [0,1]4 — {0,1}

leaves(T) Leaf set of tree 77

t,tr,tr Leaf of a tree, its left child, and its right child,
respectively

R(T) Error of tree T evaluated on distribution D

hy, Window size for histogram density estimation or
cube size for the histogram classifier

ghist Histogram classifier learned from # i.i.d. samples

T A depth-K tree generated by GridCART

Sk Shift in the k-th feature coordinate
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respectively. Given the unknown nature of the underlying distribution p and the target func-
tion £, we employ a learning algorithm to derive estimators p and f. For simplicity, we
write Ex., and Prx.,, as E;, and Pry, respectively, and similarly use E, and Pr,. We say
that a distribution p is a product distribution if p, = Hi:l Py®> 1e., X(l), X(z), ,X(d) are
mutually independent. The convergence rate we analyze in this paper is about the excess
error, which is defined by R(h) — R*. If the generalization errors of a sequence of classifiers
{h, }52, converge to the Bayes error or equivalently R(h,) — R* — 0, as n — oo, we say the
sequence {h, }52, is consistent.

Tree: Denote a tree that consists of many leaf nodes by 7 and let
leaves(T) = {t | ¢ is a leaf of T} be the leaves set. Every leaf, which is a subset of X, is the
intersection of sets like {x | x®) < s;} or {x | xX¥) > g}, where x is a d-dimensional vector
in X and x®) is its k-th dimension. For all x € ¢, the prediction T(x) is decided as follows:

n
TX) = argmaxz Hy;=y,X;€t},x€t.
ye{o.1} =1

An impurity function G : [0,1] — [0,1] is a strongly concave function that satisfies
G(0)=G(1) =0, G(1/2) =1, and G(x) = G(1 — x) for any x. Common impurity functions
used in greedy tree learning algorithms include entropy and the Gini index. The impurity
function provides an efficient and effective way to build a tree greedily. At each step, the
learning algorithm chooses a feature x) and a cut point s splitting ¢ into two children
tp =tN{x|x® <s}and tg =t N {x | x® > s}. The selection of k and s aims to maxi-
mize the purity gain, given by the expression:

Dt [G(Et) - thG(EtL) - thG(EtR)]’

where p; is defined as the probability Pry[X € t], and E; is defined as the conditional expec-
tation Ep[ fX) | Xe t]. The proportions of samples in the two child nodes are represented
by w,, = py,/p; and wy, = p;./p;-

Our studies work with the following assumptions.

Assumption 1 Assume that #n(x) is  L-Lipschitz, ie., JL>0, s.t
In(x1) = n(x2)| < L{[X1 — X, |, VX1, X, € X.

Assumption 2 The probability density p is smooth enough. Speciﬁzcally, for all k, the deriva-
tive dpx<k)/dx(k) is absolutely continuous and |, (de<k>/dx(k)) dx® < o,

Assumpti%n 3 The underlying feature distribution is a product distribution, i.e.,
px) = [, -, Py x).

It is worth mentioning that Assumptions 1 and 2 are standard in consistency analysis (Audi-
bert & Tsybakov, 2007). Assumption 3 may appear strong, but it is usually employed by
seminal studies (Takimoto & Maruoka, 2003; Kalai & Teng, 2008; Brutzkus et al., 2020;
Tan et al., 2022). Assumption 3 is also a relaxation of uniform distribution in Scornet et al.
(2015). Notice that our results in this paper do not depend on any assumptions on the target
function used in Scornet et al. (2015); Klusowski and Tian (2024); Blanc et al. (2020a).
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4 Difference Between CART and InfCART

This section introduces InfCART as an idealized intermediate algorithm between CART
and the implementable GridCART. CART computes impurity after averaging over all
coordinates in a leaf; InfCART instead measures coordinate-wise Influence and thereby
avoids zero purity gain unless the error is already zero. Because the required expectations
depend on the unknown distribution and target function, InfCART is not directly imple-
mentable. GridCART, introduced in Section 5, estimates these quantities on a finite grid.
Thus, InfCART supplies the theoretical splitting principle, whereas GridCART supplies its
data-driven realization. Section 4.1 shows how to prove a vanishing error, which is one of
the main ingredients for consistency analysis. Section 4.2 shows that the zero purity gain
of CART in the worst case leads to a serious obstacle proving a vanishing error. Section 4.3
introduces Influence-based Classification And Regression Trees (InfCART), a variant of
CART that uses Influence as the impurity measure, which can always get purity gain even
under no assumptions on the target function.

4.1 Roadmap for Bounding the Error

Forany K € N*, CART builds a tree Tx with depth K. We define the potential Cx of Tk as
follows:

Ck = Z p; G(t) with G() = G([Ef)[f(X) |X € t]) ,

teleaves(Tx)

where p, follows the definition in Section 3 and G(¢) is the impurity of leaf 7. Here, we use
p and f rather than p and fbecause the true distribution and model are unknown. Thus, Cx
measures the average impurity of the tree Tx. We then show that the potential Cx of Tk is an
upper bound of the error R(Tk) in Proposition 1.

Proposition 1 For any tree Ty with depth K and any impurity function G, we have the train-
ing error R(Tg) < Ck.

A crucial aspect of establishing consistency lies in demonstrating the convergence of the
error to zero, as a consistent algorithm must strike a balance between the empirical error and
model complexity. Thus, it suffices to ensure a vanishing potential Cx from Proposition 1,
which will be detailed in Section 4.2.

4.2 Failure of Conventional Impurity Measures
Let Ag be the purity gain for a tree Ty growing from depth K to K + 1 as follows:

Ag = Cg — Cgy; -

Then we have the following conclusion.
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Proposition 2 There exists a probability density p and a conditional probability function
n 1 X — [0,1], such that Ax = 0 for any possible cut in every leaf.

Proposition 2 demonstrates that, in the worst case the potential gain Agx can be zero.
This observation poses a significant challenge in establishing a vanishing error as indicated
by Proposition 1. The proof of Proposition 2 is by giving a counterexample in which the
maximal potential gain is zero but the error is not. Additional elaboration on this matter can
be found in Appendix A.

4.3 Influence as the Impurity Measure

From the above discussions, the potential gain using conventional impurity measure, which
is used in CART, tends to be zero in the worst case. In this section, we will present a new
impurity measure called Influence, which never fails to achieve a nonzero purity gain. To

begin with, we introduce the definition of Influence as follows:

Definition 1 (G-Influence) Let p and fbe a product distribution and a mapping from X to
y = {0, 1}, respectively. The G-Influence of fon X® is defined by

Inff [f1= Eq o0 [G([Ep(k) [f(X)])] ,

where
A
[Ep(j#k)['] = [EX(I)NPQ) [EX(k—l)Np(k-l) [Ex(k+1)Np(k+l) [Ex(d)wp(d)['] s

or equivalently taking expectation over all the coordinates except x®.
It is natural to define the conditional Influence as follows:

Definition 2 (Conditional G-Influence) With the same notations as per Definition 1, the
conditional Influence of function fat leaf ¢ is defined as:

InfFLf | ]2 Eyoon | 6(EgolF00 | X € 1])|

With Definition 2 at hand, we can write the purity gain induced by Influence as follows:
AW(e, ke, 5) = py(( G010 = wy, G0(11) — wy, G (eR))

where we write g"() = Inff [f | t] for simplicity. Then, InfCART splits every leaf ¢ by
maximizing the purity gain as follows:

max Az k. s) .
k,s
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Table 2 Comparison of CART Method Impurity Measure
and InfCART

CART TOEE S [G(Epw E il f(X) [ X € t])]
IfCART gy = iZiﬂ E 0 [G([Ep(k) [f(X)| X e t])]
$(2A\ 1 m m(QI
EEEEE S 606 olg -
|llll:,looooo'
:IIIIFII.....:
,llll'::looooon
lllll:.l.....'
:QOQOIIQIIIII:
,oooo":olllllu
loooolllolllll:
:oooon.lolllllI
© 0o olomuEmmm R
(1 (1
CART 2! InfCART 2!

Fig. 1 Comparison of the calculation mechanism of purity gain between CART and InfCART for solving
the “XOR” problem. In contrast to the CART which calculates impurities by taking an average over all
the samples in the leaves and thus gets a zero purity gain, InfCART decomposes the leaves into lines and
calculates the average impurities over the lines, which yields a positive purity gain

We compare CART with InfCART in Table 2, where we write the impurity measure of
CART redundantly for comparison. Different from CART, InfCART takes an expectation
taken later than the impurity function G. We will then show that the slight difference makes
great help for lower bounding the purity gain nontrivially.

Proposition 3 For any product distribution p on X and any target function f : X — Y,
InfCART gets no purity gain if and only if it reaches zero error.

Proposition 3 shows an advantage of InfCART compared with CART; the former can
ensure non-trivial purity gain without any assumptions on the target functions (Scornet et
al., 2015; Klusowski & Tian, 2024), while the latter cannot.

As shown in Figure 1, CART calculates the impurity by taking the average of labels in
each child into impurity function G, leading to impurities equal to 1 in both the parent and
the two children, and thus gets no purity gain for any cut in this example. Nevertheless,
InfCART treats the leaf as many horizontal lines and calculates the purity gain by taking an
average over the purity gain at every line, which always yields a nonzero purity gain.
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InfCART is defined through population expectations and therefore requires an Influence
oracle. GridCART addresses this implementation gap by estimating the required distribu-
tional quantities from data.

5 GridCART: A Refined CART with Consistency Guarantee

This section presents GridCART, whose key idea is to estimate the underlying distribution
so that Influence can be obtained from the estimated distribution. Therefore, GridCART is
a practical and provably consistent greedy algorithm. It consists of three steps: estimating
the feature distribution, estimating the target function, and tree building, which are detailed
in Algorithms 1, 2, 3 and 4.

5.1 Estimating the Feature Distribution

In this step, we will estimate a univariate distribution for each dimension, and the estimated
density of the joint distribution is their multiplication. The key reason is that the curse of
dimensionality in nonparametric density estimation (Devroye et al., 1997) may be avoided
under Assumption 3, as shown in Lemma 4. The density of each coordinate can be estimated
using well-known histogram methods (Devroye et al., 1997; Wasserman, 2006), as detailed
in Algorithm 1.

Input: Training dataset D,,, grid size h
Output: An estimated probability density function px
Procedure:

1: for k € [d] do

2: Split the interval [0, 1] into bins: B « {[0,h), [k, 2R),...,[(1/h — 1)k, 1]}
3: for b in B do

4: Estimate the density by the ratios: w(b) < 1/(nh) >}, ]I{Xf;k> € b}
5: end for

6: Px (x) < w(b), for x € b,be B

7: end for

8: Compute the joint density by multiplication: px < szl Px
9: return px

Algorithm 1 Histogram Density Estimation (HDE)

Lemma4 Suppose thatL,-error of estimators Py hasupper bound [E[||f)x(k) = Py® Ih] < ex
and Assumption 3 holds, then the following holds:

:

Generally, it is hard to estimate the distribution in high dimensions, due to the curse
of dimensionality (Devroye et al., 1997). However, Lemma 4 simplifies the problem by
reducing the d-dimensional case to multiple 1-dimensional cases, thus facilitating the esti-
mation process. The total loss can be bounded by the sum of errors in each dimension,

d

gZek.

d
H Pxw = Px
k=1 k=1

1
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which is linear in d in the worst case but does not depend exponentially on d in general
situations (Tsybakov, 2009). By combining this result with the error bound of the histogram
density estimation, we derive Lemma 5.

Lemma 5 Under Assumptions 2 and 3, the L,-error of histogram density estimator can be

upper bounded by
E <0 d(h + 1 )
= " nh, )|

Lemma 5 provides an error bound for the density estimator in Algorithm 1. Based on this
lemma, the expected IL;-error has order O(n~1/3), by selecting the grid size h,, = @(n='3).
The error bound does not depend on d exponentially, implying that the curse of dimension-
ality is avoided under Assumption 3.

d
11 pgw —px
k=1

1

5.2 Estimating the Target Function

We use the well-known histogram classifier (Devroye et al., 1997; Wasserman, 2006) to
estimate the target function, which is detailed in Algorithm 2.

Input: Training dataset D,,, grid size h
Output: A histogram classifier ghist
Procedure:

1: Compute the set of all possible Cartesian products of intervals according to:
¢+ { x¢y [mih, (my + 1)h) | m € {0,...,1/h — 1}%}

2: for C in € do
3: Compute the number of samples in C.

N(C) + iﬂ{xi 9!
i=1

4: if N(C) > 0 then
5: Compute the conditional probability estimator by averaging the labels in C.

n

i(C) « N Y HX; € C}Y;

i=1

6: else

7 Set 7(C) <= 1/2 when C contains no training samples
8: end if

9: end for

10: Predict the label by voting: gls*(x) = I{f(C) > 1/2} for x € C,C € €
11: return ghist

n

Algorithm 2 Learning Histogram Classifier (LHC)
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We split the feature space X =[0,1]¢ into many length-h, disjoint cubes
[0,1]4 = L_Jje(7 C;. Every cube €; has form xﬁzl[mkhn,(mk + 1)h,), where my € N, and
we have the number of cubes |J| é by simple calculations. The endpoint 1,,4 is
neglected for simplicity. Let €(x) be the cube that contains x for any x € X, then we
can define

o Y Y X € e}
Hp(X) = T
Zi:l H{Xl € e(x)}

as the estimated conditional probability. If no samples fall into the cube C(x), we set
Hn(X) = 1/2 and use the fixed tie-breaking rule in Algorithm 2. The histogram classifier

glist can eventually be defined by

ghs(x) = {A,(x) > 1/2} ,

or equivalently predict the label by voting in every cube. Based on the definitions, the
following conclusion can be drawn.

Lemma 6 Under Assumption 1, suppose that the histogram rule satisfies h, — 0 and
nhd - co as n — oco. For any p,n, n > 0 we have

[E[R(ggist)] —R* <0 <hn + #)
n

Exclusively provided that h,, = ©@(n=Y9*2) e obtain a consistency rate of order
O(n=Y@+2) for histogram classifier ghist.

Lemma 6 demonstrates that the expected excess error of the histogram classifier
can approach zero as n and h,, tend to infinity and zero, respectively. Intuitively, as the
sample size » tends to infinity and h,, tends to zero, the number of cubes |J| increases
infinitely, enabling a more detailed capture of the feature space. Additionally, the num-
ber of samples falling into each cube |[{X;, X, ..., X, } N €] also tends to infinity in prob-
ability, resulting in increasingly accurate voting.

5.3 Constructing a Tree

With estimator p and gh't at hand, we can build a tree by running Algorithm 3, which is
a recursive procedure that builds a tree of depth K. To show the convergence of the

error, we begin with the following definition:
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Input: Training dataset D,,, a histogram density estimator p, a histogram classifier
g}{i“, the maximal tree depth Kp.x, and grid size h
Output: A learned tree 7' : RY — {0,1}
Procedure:
1: Pass p < p and f < gl to the definition of conditional Influence in Definition 2
2: Initialize the leaves set by the whole feature space £ + {[0,1]%}
3: forl=1,..., Kpax do
4: Copy a leaves set L' < L

5: fort € £' do
6: if All the samples in ¢ have the same label then
7: continue
8: else
9: Solve the best split: (ko, so) arg max ANtk 5)
keld], se{h,2h,...,1—h}
10: Split the leaf ¢ into two children:
tr <1t N {X | X(ko) < S()} tr+1 N {X | X(ko) > 80}
11: Update the leaves set £+ (£\ {t}) U {tL,tr}
12: end if
13: end for

14: end for
15: Predict the label by voting:

n
T(x) < argmaxZH{Xi et,Yi=y}tforxet
ye{0,1} ;5

16: return T

Algorithm 3 Tree Building (TB)

Definition 3 (Grid-aligned N-piece function) Fix coordinate-wise cut-point sets
8 =(81,.,84), where 8, C (0,1) and |S;| < N — 1. A function f'is called a grid-aligned
N-piece function with respect to § if, for every k € [d] and every fixed value of the other
coordinates, f(z) is piecewise constant with at most N pieces and all its discontinuities
belong to 8y, where fi(z) = f(xW, ..., x*=D, 7z, xk+D | x(@),

Definition 3 serves as an extension of the piecewise-constant function employed in univari-
ate scenarios. Figure 2 demonstrates an example of a 5-piece function, where the univariate
function becomes a piecewise constant with 5 distinct parts when either x® or x® is given.
For the regular grid 8y = {h,,2hy,...,1— h,}, the histogram classifier learned by Algo-
rithm 2 is a grid-aligned 1/h,,-piece function.

With the definition of a grid-aligned N-piece function, we can show that the tree built by
Algorithm 3 can fit such a function well when its candidate cuts include the sets Sy.

Theorem 7 Suppose that the target function g is grid-aligned N-piece and that the candidate

cuts in Algorithm 3 include the corresponding cut-point sets. Then, under Assumptions 1-3,
for the tree T generated by Algorithm 3 with depth K, we have
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Fig.2 An example of a 5-piece function from [0, 1]% to {0, 1}. The left figure shows the graph of the func-
tion and the right figure displays its projection on x@ =0.9

E[{T(X) # g(X)}] < 0 (N*/K) -

Theorem 7 shows that Algorithm 3 can fit a grid-aligned N-piece function well under a
product distribution. Comparing our result with the previous work (Blanc et al., 2020b),
they considered binary features and size-s tree target functions, while we consider the set-
ting where the feature space is real-valued and the target function is N-piece. Above all, we
have introduced all the components of GridCART, the whole process of which is detailed
in Algorithm 4.

Input: Training dataset D,, = {(X1,Y1),...,(Xn,Ys)}, maximal tree depth Kp,ax,
and grid size h

Output: A learned tree Tk
Procedure:

e - RY— 10,1} with depth at most Kpax
1: Learn the joint distribution by multiplying histogram estimates of the marginals:

px < HDE(D,,, h)

2. Learn the histogram classifier with grid size h: g"'s* <~ LHC(D,, h)
3: Build a tree according to the estimated distribution and classifier

T« TB(Dn IA)XagzisK Kmam h)

4: return T

Algorithm 4 Grid-based Classification And Regression Tree (GridCART) for binary classification

5.4 Consistency Rate of GridCART

In this subsection, we will show the consistency rate of GridCART. We start with the error
decomposition as follows:
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R(T) - R* = (R(T) — R(gh*")) + (R(gH*) - R*) ,

estimation error approximation error

(M

where we define R(T) — R(gh's!) and R(gls!) — R* as the estimation error and the approxima-
tion error, respectively. Note that the definition may be slightly different from the known
R(T) — inf},c4c R(h) and inf},c4c R(h) — R*, since in other learning algorithms the learning
objective is to fit the best classifier in the given hypothesis set, while the objective here is
to fit the histogram classifier by a tree. We then decompose the estimation error as follows:

R(T) = R(@H™) = E[{T(X) # Y} - E[1{gh™(X) # Y}

< Ep, o[ {T(X) # g8 CO}] +Ep, |[px — pXHl , )

term (a) term (b)

where term (a) measures how the learned tree fits the histogram classifier, and term (b) mea-
sures the difference between the estimated distribution p and the ground truth distribution p
. We learn a tree on an estimated distribution; if the estimation is accurate enough, and the
tree fits well, then the learned tree can perform as well as the histogram classifier. Taking the
error bounds in Lemma 5, Lemma 6, and Theorem 7 into (1) and (2), we obtain the consis-
tency rate of GridCART in the following Theorem.

Theorem 8 (Consistency rate for binary classification) Under Assumptions 1-3, the expected
excess error of tree Ty, learned by Algorithm 4 has the following upper bound

1 1
Ep, [R(Tx,)] - R* < O(K =+ —d> .

nln nhn

Choosing h,, = © (n‘l/(‘“z)) and K,, = Q(n*@+2) we obtain a consistency rate of order
O (n~Y4+2) for GridCART.

Theorem 8 establishes a consistency rate for a greedy, label-dependent tree learning
algorithm without imposing structural assumptions on the target function. Table 3 lists the
detailed comparison between previous studies and our result on the consistency. Previous
consistency rates have primarily focused on randomized trees whose split structures are
generated independently of the observed labels. On the other hand, approaches that rely on
label-dependent generation have typically relied on strong assumptions and failed to pro-
vide a consistency rate. It is worth noting that the parameter K,, in Theorem 8 determines the
maximum depth to which the tree can grow. The optimal convergence rate, as demonstrated
in the theorem, is achieved by selecting K,, = Q(n*(¢+2)). However, this choice may lead
to inefficient running times. In this study, we set K,, = co(log3(n)) and h,, = ©(1/logn) to
strike a balance between efficient running time and consistency.

Theorem 8 provides an upper bound on the excess error of GridCART. To determine
whether this rate can be improved, we first recall the classical minimax lower bound for
nonparametric classification over Lipschitz conditional probability functions without a mar-
gin assumption (Yang, 1999, Theorem 2 and Section V-B).
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Table 3 Comparison of our Algorithms Feature Target Results
results with previous works. distributions functions
Pure Random  Any Any O(n~1/(B3d+2))
Tree (Gao & Zhou, 2020)
Centered Any Any O((In n/n)1(d+2))
Random
Tree (Gao & Zhou, 2020)
CART Uniformly Additive o(1)
random model
in[0,1]4 (Scornet et al., 2015)
CART Any Additive O(1/logn)
model
(Klusowski & Tian,
2024)
GridCART Product Any O(n—l/(d+2))

distribution
(our result)

Theorem 9 (Minimax lower bound for Lipschitz classification) Let X be uniformly distrib-
uted on [0,1]%, and let Lip(L) be the class of L-Lipschitz conditional probability functions
for some L > 0. There exist constants ¢ > 0 and ny > 1 such that, for all n > ny,

inf  sup {[ED"[R(fn)]—R*} > on—ld+2) |
fn neLip(L)

where the infimum ranges over all measurable classifiers constructed from n i.i.d. samples.

Corollary 10 (Minimax tightness) Under Assumptions 1-3, the O(n=Y@+2)) yate in Theo-
rem 8 is minimax optimal over all measurable classifiers, including non-tree-based
classifiers.

This is the classical minimax rate for nonparametric classification with an L-Lipschitz
conditional probability function and no margin assumption (Stone, 1982; Yang, 1999). The
lower bound continues to hold under Assumption 3. The standard bump-function construc-
tion that yields this rate applies when X is uniformly distributed on [0,1]¢, and the uni-
form distribution is a special product distribution. Thus, the product-distribution restriction
retains a worst-case instance. In the upper-bound analysis, independence among the coordi-
nates of X is used to control the density-estimation term (b) in (2) through Lemma 4. It does
not reduce the intrinsic difficulty of estimating an arbitrary L-Lipschitz 5, which determines
the lower bound. Consequently, Theorem 8 is minimax-optimal over the function class con-
sidered here. The GridForest rate in Theorem 14 also matches this lower bound. These
minimax conclusions concern the baseline function class without a margin assumption.

5.5 Discussions
Time complexity: Here, we conduct a comparison of the time complexity between CART

and our proposed GridCART, with a focus on analyzing the complexity associated with the
splitting process at each leaf node. We deliberately exclude the comparison of tree struc-
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tures, as the total time required for tree construction simply amounts to the sum of the split-
ting complexities at all leaf nodes.

As for CART, at each leaf node, all dimensions are traversed, and the samples falling into
the leaf are sorted along dimensions. Subsequently, CART calculates the purity gains for all
possible cuts. The time complexity of traversing all possible cuts is mainly dominated by
the sorting process, which costs time of order O(nlogn) for each dimension, resulting in a
total time of order O(dn logn) at each leaf.

On the other hand, GridCART adopts a different approach. It initially estimates the
underlying distribution using observed samples with time complexity of order O(n). When
splitting a node, there are d/h,, potential cuts since each dimension allows 1/h,, possible
cuts. To calculate the purity gain of a specific cut, only one traverse over all the cubes is
required, leading to a time complexity of order O(1/h%). Consequently, the total complex-
ity of one split is O(d/hi"V). 1t is possible to achieve @(n + dn(@+1/(@+2) provided that
h, = ©(n="(@+2)) a5 demonstrated in Theorem 8, making GridCART marginally faster than
CART.

Based on the above analysis, we can conclude that GridCART is faster than CART for
splitting since GridCART converts data to o(n) cubes and stores data into an ordered form,
in which no sorting is required which eliminates a log term.

General rid-based decision tree earning: The core concepts of GridCART lie in the con-
struction of a tree to fit the estimated feature distribution and target function. This process
works no matter which density estimator and classifier are used. Hence, we have the flex-
ibility to incorporate any density estimator and classifier.

Building upon the above discussions, we call this broader paradigm Grid-based Deci-
sion Tree Learning (GridDTL). For example, GridDTL may replace the histogram density
estimator with a kernel density estimator (Devroye et al., 1997; Wasserman, 2006) or a
Gaussian mixture model (Hastie et al., 2009). Once the chosen density estimator is con-
sistent and satisfies the estimation requirements used in (2), the argument of Theorem 8
yields consistency. In Section 6, we demonstrate how GridDTL can be effectively applied
to popular ensemble methods.

6 Applications to Ensemble Learning

In this section, we will show that the proposed grid-based learning paradigm can be applied
to ensemble methods, such as random forests and gradient boosting decision trees, which
are extensively employed in practical settings and have proven highly successful across
numerous real-world applications. Additionally, we highlight the consistency of the pro-
posed grid-based ensemble methods.

6.1 Grid-based Random Forests
Random forests (Breiman, 2001) are ensemble methods that combine multiple decision
trees. The main idea behind this approach is to train several decision trees on different sub-

sets of the training data and then average their predictions. The process of constructing the
forest can be summarized as follows:
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1. Randomly sample a subset of training data, with replacement, that has the same size as
the original training data.
2. Train a decision tree using the sampled data. The growth process of the tree is as follows:

2.1 If the maximum tree depth is reached or all the data points have the same labels, the
tree construction is stopped.

2.2 Randomly select m features from the total d features and determine the best split
based on these selected features.

2.3 Split the data based on the best split and recursively repeat the above steps for the
two resulting subsets.

3. Repeat the above steps for M times.
4. Output the average of the predictions of the M decision trees.

The original random forests are based on CART, so the theoretical guarantees are as weak
as CART, which was discussed in Section 1. In this section, we propose Grid-based Random
Forests (GridForest), an ensemble of GridCART that admits a consistency guarantee.

6.1.1 Diversity Encouragement

In order to incorporate the proposed GridCART technique into random forests, it is crucial
to emphasize the importance of diversity, as it serves as a fundamental element in ensemble
learning. However, it should be noted that the conventional grid-based learner often exhib-
its a tendency to produce similar outcomes due to its fixed grid structure. For instance, as
depicted in Figure 3, the decision boundaries of the decision trees tend to align, resulting in
minimal enhancement when combined as an ensemble. This lack of diversity is unfavorable
and undermines the desired objective.

To avoid diversity vanishing, we randomly shift the grid structure in each tree, and the
shifted grid structure is used to train the decision tree. Formally, when generating a tree f;
, we first generate 8y, 6,,...,d4 independently from U[0, 8,,,], Where 8., is a hyperpa-
rameter. Then, both the histogram density estimation and histogram classifier are learned

Tree 1 Tree 2 Tree 3

Fig. 3 Illustrations of diversity vanishing. The ground truth decision function is defined by
f* =1{x; <0.5}. Blue and red rectangles are two classes of data points, while gray rectangles are the
undetermined regions. As shown in the figure, although bagging is applied, the decision boundaries tend
to be the same
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based on the shifted grid structure. For histogram density estimation, we replace the step in
Algorithm 1 [Line 2] as follows:

By {[O,Sk),[Sk,h+5k),[h+ Ok,2h + k), ...,[(1/h = 1)h +5k,1]} ,

where B is the bin of the histogram for dimension £.
The histogram classifier in Algorithm 2 [Line 1] is modified by

@H{nglbk‘bkegk},

where € represents the Cartesian product of the shifted intervals. The remaining steps of
the shifted histogram density estimation and histogram classifier remain the same as in
Algorithm 1 and Algorithm 2, respectively. Figure 4 provides a visual representation of the
shifted grid structure.

As shown in Figure 4, shifting the grid structure can encourage diversity, enabling the
ensemble to learn a more complex decision function. The complete process of GridForest is
summarized in Algorithm 5.

Input: Training dataset D,,, number of trees M, number of random features m, max-
imal tree depth K.y, grid size h, maximal shift distance dpax
Output: A binary random-forest classifier
Procedure:
1: fort=1,...,M do
Sample a training dataset D, from D,, with replacement, with |D;| = |D,,|
Generate 01, da, . . ., 0q independently from Uniform([0, dmax])
Learn a histogram density estimation p; on D; using the shifted grid structure

Learn a histogram classifier g%ijt on D, using the shifted grid structure

Train a decision tree f; with maximal depth K. using p; and ggijt; at
each internal node, independently sample m candidate features uniformly without
replacement
7. end for

s return f(x) « {M 'Y fi(x) > 1/2}

@ T N

Algorithm 5 Grid-based Random Forest (GridForest)
6.1.2 Consistency Guarantee

We begin with the formulation of GridForest. Let the average voting score of GridForest be

M
f6 =M1 fi(x 1,8).
t=1

The binary classifier returned by Algorithm 5 is f(x; ,8) = I{f(x; ,8) > 1/2}. It depends
onrandom variables =( {, 5,.., p)andd = (8,9,,...,8), which are both independent
of the training data D,,. Note that  comes from the random sampling and random feature
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01

82

Tree 1 Tree 2 Tree 3

Fig. 4 Illustrations of diversity encouragement. The ground truth decision function is defined by
fr= D{x(z) < 0.5}. Blue and red rectangles are two classes of data points, while gray rectangles are the
undetermined regions. As shown in the figure, the decision boundaries of the three decision trees are dif-
ferent, so their ensemble can eventually approximate the ground truth decision function

selection, and &, comes from the random shifting. §; = 0 means that the grid structure is not
shifted, which recovers the original GridCART.

As GridCART has been shown to be consistent in Section 5, the key to showing the
consistency of GridForest is to theoretically explain the effect of randomness and 8, which
distinguishes GridForest from GridCART. The dependence induced by bootstrap bagging is
difficult to analyze directly. We therefore analyze a subsampling variant in which each tree
is trained on a,, observations sampled without replacement. Algorithm 5 retains bootstrap
bagging for the empirical implementation, whereas the theorem below concerns this sub-
sampling variant. Klusowski and Tian (Klusowski & Tian, 2024) analyze random feature
selection for CART regression forests with additive bounded-variation comparators. Their
oracle inequality is specific to that setting, so we establish the corresponding effect directly
for the Influence-based splitting rule used by GridCART.

Lemma 11 (Random-feature tree-fitting bound) Let g be a grid-aligned N-piece binary tar-
get. Consider the depth-K tree generated by Algorithm 3, except that, at every internal node,
the candidate set S; C [d] is sampled independently and uniformly from all subsets of size
m, and the split is optimized only over features in 8;. Under Assumptions 1-3,

By [1{Tx 0 (X) # g(X)}] < o(i’%).

Lemma 12 Let Ty, ..., Ty be arbitrary binary classifiers, and define

M
FM(X)=H{%;TI,(X)>%}.

Then
M

R(Fy) —R* < Z R(Tp) — R*).

b:
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The proofs are given in Appendix F. A uniformly selected subsample of a,, distinct obser-
vations from the i.i.d. dataset D, is itself i.i.d. in its unconditional distribution. Lemmas 5
and 6 can therefore be applied with sample size a,. Combining those estimation bounds
with Lemma 11 gives the following base-tree bound when the grid is not shifted:

d 1 1
Ep, 6[R(Tk, )] —R* < O ———=h ' ’
p,.0lR(Tk, o)l = <m K.h3 " anh%) ©

Lemma 12 transfers this bound to the binary forest classifier, up to an absolute factor of two.
The bound does not decrease with the number of trees M and therefore does not establish
a theoretical diversity benefit. Empirically, aggregating accurate and diverse learners can
improve predictive performance (Breiman, 2001; Zhou, 2012), but explaining this effect
remains an open theoretical problem.

We will then show that the effect of random shifting is negligible when the sample size n
is large enough. Intuitively, the size of cubes near the boundary of the feature space [0, 1]¢
may be too small to reach a sufficient performance, thus samples in these cubes may be
wrongly predicted. But, fortunately, the probability of a sample falling into these cubes
tends to be zero when grid size h,, tends to zero, which happens when sample size » tends
to infinity. Formally, we have the following proposition:

Proposition 13 Under Assumptions 2 and 3, the density p is bounded on [0,1]%. Define

A

sup p(x) < oc.
x€[0,1]4

P
For0 < 8.x < 1/2, we have

Pr[3ke[d] st X® €10, 8] UL = Smans 1] < 2dP80x = OdEyna).

The proof is given in Appendix G. Proposition 13 shows that if we do not shift the grid
structure too much, the shifting will not hurt the performance too much, and vice versa.
A smaller &,,,, reduces the boundary term in Proposition 13, whereas a larger 6,,,, may
increase empirical diversity among the trees. In practice, 8,,,, can be selected to balance
this theoretical error term and the empirical effect of diversity.

With the above analysis, we can show the consistency of GridForest.

Theorem 14 (Consistency rate of GridForest for binary classification) Under Assump-
tions 1-3, the expected excess error of grid-based forest f(O, 8) learned by the subsampling
variant of Algorithm 5 described above has the following upper bound

d 1 1
—R* < P N .
Ep, 0sR(f(©,8)] - R* < o(m X +h, + pr + ddmax,n)

By choosing h,, = © (n‘”(d“)), K,=Q ((d/m)n4/(d+2)), a, = 0(n), and

Simaxn = O (n‘l/(d+2)), we obtain a consistency rate of order O (n‘l/(d“)).
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For the subsampling variant described above, the proof of Theorem 14 follows by com-
bining the base-tree bound (3), Lemma 12, and Proposition 13. This result gives an upper
bound of the same asymptotic order as GridCART, with additional constants and error terms
due to feature subsampling, subsample size, and grid shifting. By Corollary 10, this order is
already minimax-optimal under Assumptions 1-3, so the rate itself cannot be tightened by
a sharper analysis of either GridCART or GridForest. This is a different statement from an
ensemble improvement, however: the matching lower bound shows that neither a single tree
nor the forest can be pushed below this worst-case floor, but it does not show that the forest
actually improves on the single tree, since both are shown to attain the same floor. Quantify-
ing such a diversity benefit would require an assumption beyond Lipschitz smoothness and
product features, and is left open here. It should be noted that this does not imply that Grid-
Forest performs no better than GridCART, as the analysis is based on worst-case scenarios.
Empirically, ensembles of diverse decision trees can outperform a single decision tree (Brei-
man, 2001; Zhou, 2012), and GridForest is designed to exploit this mechanism through ran-
dom feature selection, subsampling, and grid shifting. This empirical motivation is distinct
from Theorem 14, which does not establish an improvement over a single GridCART tree.
The GridForest construction can also be formulated for multiclass classification and regres-
sion. The present ensemble analysis focuses on binary classification, while Section 7 and
Appendix E establish the corresponding extensions for the GridCART base learner.

The preceding rate is minimax optimal without a restriction on the probability mass near
the Bayes decision boundary. We next give an optional refinement under the standard mar-
gin condition of Audibert and Tsybakov (2007).

Assumption 4 (Margin condition) There exist constants Cy > 0 and o > 0 such that, for
every 7 > 0,

Pr, [0 < [n(X)—1/2| < 7] < Cot¥.

Assumption 4 limits the probability mass in a neighborhood of the Bayes decision boundary.
The case o = 0 imposes no effective restriction, while a larger a describes a sharper separa-
tion between the two classes.

Corollary 15 (Margin fast rate for GridForest) Suppose Assumptions 1-3 and 4 hold. Sup-
pose also that there exist constants 0 < ppin < Pmax < 00 such that

Pmin < p(X) < Pmax» x € [0, 1]d .

If 0 < 8maxn < hy, then for some constant ¢ > 0 the expected excess error of GridForest
satisfies
d 1 (ax+1)/2
E R(f(©,8)]|-R* <0 ——+h“+1+(—)
Dn,@,5[ f )] m Kn h% n anhﬂ

+dSmax.n + ie‘c"nhn) .
3 hn

Choosing a, = O(n), h, = O(n~1@+2)),
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K, =0 (%n(a+4)/(d+2)> AN Gy = O (= (@+DIE2)

yields
Ep, 04R(f(©.8)] = R* = 0 (n~(x+D/(d+2) .

Corollary 15 recovers the rate of Theorem 14 when a =0 and is strictly faster when
a > 0. The lower-density bound is used to compare the fitted-tree error under the estimated
feature distribution with its population counterpart.

6.2 Grid-based Gradient Boosting Decision Tree

Gradient Boosting Decision Trees (GBDT) are a widely used ensemble learning method that
combines the predictions of multiple weak learners, typically decision trees. Several imple-
mentations of GBDT have been developed, including XGBoost (Chen & Guestrin, 2016),
LightGBM (Ke et al., 2017), and CatBoost (Prokhorenkova et al., 2018). Here we extend
GridCART to the boosting setting by taking grid-based trees as the weak learners, and refer
to the resulting method as the Grid-based Gradient Boosting Decision Tree (GridGBDT).

6.2.1 The Algorithmic Details of GridGBDT

GBDT is an iterative greedy algorithm that constructs an ensemble in a forward stage-wise
manner. At each iteration, a new weak learner is trained to fit the negative gradient of the
loss function, thereby greedily reducing the ensemble loss. Formally, GridGBDT is defined
for a generic differentiable loss €(y, u) evaluated at u = F;_(X;), and round ¢ fits a tree to
the corresponding negative gradients. The last iterate is turned into an output by a prediction
map ¥. As in standard GBDT implementations, we instantiate the pair (¢, ¥) as the logistic
loss with a log-odds threshold for binary classification,

£(y,u) =log(1 +e*) —yu, W(u) = {u>0},
and as the square loss with the identity prediction map for regression,

(oW =So-w?,  Ww=u.

Incorporating GridCART into the boosting framework requires additional care. At round ¢,
the tree T; is trained to fit the negative gradients p; ;, while the current ensemble F;_, is itself
constructed from trees fitted to the gradients generated in previous rounds. Consequently,
the N-piece structure required by Theorem 7 does not arise automatically. In particular, there
is no a priori guarantee that the negative-gradient target can be represented as a piecewise-
constant function of x with a controlled number of pieces. Addressing this difficulty is the
key step in establishing a consistency guarantee for the GridGBDT extension proposed here.

To recover the required piecewise-constant structure, at each boosting round, TB fits a
histogram approximation of the negative gradients rather than the raw gradients themselves.
Specifically, we first compute the sample negative gradients
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2(Y ;
Pt,i é——a (a i) s i=1,..,n.
U u=F,,(X)

We then independently sample a random grid shift §, and average these values within each
cube € of the shifted grid. This gives the piecewise-constant target

Z’;:l pt,iﬂ{Xi € e}
Z?:l U{Xi € (:’}

For any x € €, we define the target as follows:

£:(C) =

p:(x) = p,(C).

Thus, p, is a piecewise-constant function on the feature space. This construction reuses
Algorithm 2 without its final thresholding step and with the negative gradients in place of
the labels. Resampling the shift at each round allows successive trees to use different grid
boundaries. We also introduce a shrinkage parameter v € (0,1]. Algorithm 6 summarizes
the resulting procedure.

Input: Training dataset D,,, number of rounds M, maximal tree depth K, grid size
hn, shrinkage v € (0, 1], maximal shift distance 0y, differentiable loss ¢, prediction
map ¥
Output: A grid-based GBDT estimator fAM
Procedure:
1: Initialize Fy(x) < argmin, Y ., {(Y;,¢) for all x
2. fort=1,...,M do
3: Compute the sample negative gradients p;; < —6€(Yi.,u)/8u|u:Ftil(Xz> for
i=1,...,n
4: Sample an independent random shift d; ~ U([0, Smax]?)
5: Learn the shifted density estimate p; < HDE(D,, h,,) using the §;-shifted
grid
6: Construct the gradient histogram p; by applying Algorithm 2 without thresh-
olding to {(X;, pt,;)}, on the d,-shifted grid
7: Build a depth-K grid regression tree Ty < TB(D,,, Pt, pt, K, hy,), splitting by
the regression purity gain Ag‘é of Section 7, restricted to cuts on the d;-shifted grid
8: Update: Fy(x) < Fi_1(x) + vT(x)
9: end for
10: return fi(x) W (Fa(x))

Algorithm 6 Grid-based Gradient Boosting Decision Tree (GridGBDT)

6.2.2 Consistency Guarantee

Algorithm 6 is stated for a generic pair (¢, ¥), but the analysis below instantiates it with
the square loss ¢(y,u) = i(y —u)? and the prediction map ¥(u) = I{u > 1/2}. For this

analyzed specialization, the update is F;(X) « clip[o,I](Ft_l(x) + vTy(x)). The clipping is
required by the proof because it keeps every iterate bounded in [0, 1], as assumed by the
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residual and contraction arguments. The negative gradient of Line 3 is then simply the resid-
ual p;; = Y; — F,_1(X;) and the initializer of Line 1 is n™* Zi Y ;, so GridGBDT boosts a
real-valued surrogate of 7 and thresholds it only at the end, rather than solving a regression
problem.

Several studies have examined the theoretical foundations of boosting methods, includ-
ing Zhang and Yu (2005); Wang et al. (2008); Zhou (2012); Gao and Zhou (2013); Lyu et
al. (2019). Our argument specializes the boosting-with-early-stopping framework of Zhang
and Yu (2005) to the grid-tree base learner. Rather than invoking a generic weak-learning
or edge condition, we use the fact that GridCART’s construction provides a fitting guaran-
tee for any bounded N-piece target (Theorem 16). Under the unshifted choice used for the
analysis, histogramming the residuals on the common grid ensures that the target at every
round is an N-piece function with N = 1/h,, (Lemma 17).

Boosting the square loss for classification is a standard construction rather than an arti-
fact of the analysis, since it is the LS-Boost of Friedman (2001) and the L,-Boosting of
Biihlmann and Yu (2003), whose classification behavior has been studied in precisely this
plug-in form. It is also the tractable choice for a grid-based weak learner, because the two
properties the construction relies on hold exactly rather than approximately. The negative
gradient y — u is affine in the current iterate, so the residual averaged over a grid cube is
exactly #,(C) — F;_;(€) (Lemma 17) and every round targets the same fixed histogram 7,,,
which supplies the N-piece structure required by Theorem 16 and which the raw gradients
of a general loss do not provide. Moreover 0%¢ = 1, so the induced potential is exactly qua-
dratic in the grid-cube values and an inexact gradient step contracts it geometrically at a rate
depending only on the shrinkage v (Lemma 18). The per-cube minimizer #,(C) € [0,1] is
moreover always finite, so the quantity the contraction controls is the same I* quantity that
the final excess-error conversion consumes.

Algorithm 6 allows the grid to be shifted independently at each boosting round. The
consistency result below analyzes the admissible choice 6,,,,x = 0, for which §; = 0 at every
round. All trees then share one unshifted grid and one density estimate, denoted by p. We
write 7j,, for the unthresholded histogram regressor obtained by averaging the original labels
Y on this grid, as defined in Section 5.2.

The proof proceeds in three steps. We first establish a regression-tree approximation
bound for bounded real-valued targets. We then use the common grid to express every resid-
ual histogram in terms of the fixed target 7j,, and derive a contraction bound for the boosting
recursion. Finally, we combine this contraction with the usual plug-in inequality to control
the classification excess error. Appendix I contains the proofs.

The first step extends Theorem 7 from binary-valued targets to bounded real-valued
targets such as p,. Its proof requires two replacements for arguments that are specific to
classification. First, the Efron—Stein inequality (Boucheron et al., 2013) replaces the Bour-
gain-type inequality of Lemma 28. Since a GridCART leaf is an axis-aligned box, condi-
tioning a product distribution on a leaf preserves the product structure. The Efron—Stein
inequality therefore gives

d
Var(f | X € ) < S Infi[f | ] = d 5(0)
k=1
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on every leaf . Second, Lemma 34 replaces the binary split-gain bound of Lemma 27. It
shows that an N-piece target taking values in [—B, B] admits a split at a piece boundary
whose purity gain is at least Var’[ f1/(4B*(N — 1)?). Substituting these two bounds into the
depth-K potential argument from Appendix D yields the following result.

Theorem 16 Suppose the target g : X — [—B, B] is grid-aligned N-piece (Definition 3)
and that the candidate cuts include the corresponding cut-point sets. Then, under Assump-
tions 1-3, the regression tree T generated by Algorithm 3 with the impurity Var in place of
G (Section 7) and depth K satisfies

K

2AT73
E,[(T(X) - g(X))?] < o(B N ) .

This theorem supplies the per-round approximation guarantee needed for GridGBDT. It
also makes explicit the fitting-error term left implicit in the proof of Theorem 22.

The second step uses the common grid to identify the target fitted at each round. Since
TB splits only at grid points, every tree and every clipped iterate is constant on each grid
cube. Averaging the residuals within a cube therefore gives the following exact identity.

Lemma 17 Let F,_; be an iterate generated by Algorithm 6 with 8,,x =0. Then F,_;
is constant on every unshifted grid cube C € g, and the residual histogram satisfies
6:(€) = 1,(C) — F,_1(C) for every € € J.

Thus, although the residual histogram changes with ¢, it is always the difference between
the current iterate and the same fixed histogram target #,,. Theorem 16 applies with B =1
and N = 1/h,,. Indeed, clipping ensures that both #,,(€) and F;(C) lie in [0, 1]. We measure
the discrepancy from #,, using

e 2 O(F,) = ZI;r[XE el (1a(C) — F,(©))* .

ced

On the grid cubes, the update in Algorithm 6 is an inexact gradient step for this quadratic
potential. The tree approximation bound controls the inexactness and gives the following
recursion.

Lemma 18 Suppose every round of Algorithm 6 satisfies the guarantee of Theorem 16 with
B=1,N =1/hy, ie, E5[(T,(X) — 5,(X))*] <y fory = O(1/(Kh3,)). Then

Ve < A -v)e1+vV7, t=1,..,M,
and consequently \/ery < (/¥ + (1 — )M, Jeq, with eq < 1/4.
The identity

On = Fe = (1 =)0y — Fro1) +v(0, = T)

explains the recursion. Cauchy—Schwarz controls the approximation term, and clipping
cannot increase the distance to 7, (C) € [0, 1]. Consequently, the bound decreases geomet-
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rically with M until it reaches the accuracy level certified for the base learner, which is
vy = O(/(Khy)).

The final step converts this squared-error bound into a classification guarantee. Since
F takes values in [0, 1], the classifier f; = I{Fy > 1/2} is a plug-in classifier. We apply
Lemma 24 directly to F, rather than comparing f,; with the thresholded histogram ghist
. The direct route does not require a margin condition. Pointwise, a plug-in classifier can
disagree with the Bayes classifier only when |y —1/2| < | — Fy|. The resulting bound
depends on /ey because Egl7j, — F| < /ep. Combining this term with the approxima-
tion and estimation errors of the histogram gives the main result.

Theorem 19 (Consistency rate of GridGBDT for binary classification) Under Assump-
tions 1-3, fix any shrinkage v € (0,1) and let fy; be the output of Algorithm 6 with 8,y = 0,
so that all boosting rounds share the same unshifted grid. The expected excess error satisfies

A 1 1
Ep [R -R* < O|y/=—=+AQ-M+h,+,/— ).
RG] -7 < 0\t @y s L)
Choosing hy, = ©(n~Y@+2) K = K, = Q(n%@+?), and M = M,, = Q(log n), we obtain
a consistency rate of order O(n="4*2) for GridGBDT, matching the rate of GridCART
(Theorem 8) under the same assumptions.

The proof is given in Appendix I. This result provides a guarantee for the unshifted
specialization of GridGBDT that was absent from the conference paper. The four terms
in the bound have distinct sources. The first is the error certified for the tree fitted at each
round. The second is the optimization error after M rounds. The last two are respectively the
approximation and estimation errors of the histogram.

Three consequences are worth noting.

1. GridGBDT is consistent under the same assumptions as GridCART and GridForest. No
condition is imposed on the mass near the decision boundary. The assumption-free con-
version from squared error to classification error introduces /ey, which leads to the
depth requirement K, = Q(n¥@+2). GridCART instead requires K, = Q(n*(@+2) in
Theorem 8.

2. For fixed v € (0,1), the optimization term (1 — )M decreases geometrically at a rate
independent of n, d, and h,,. Thus, M,, = Q(logn) makes this term negligible at the tar-
get statistical rate. The present bound does not improve further once the certified base-
learner error dominates.

3. The common-grid structure is essential to the current proof because it allows every
boosting round to target the same histogram estimator.

For comparison, a sufficiently strong empirical margin condition can reduce the required
tree depth. This condition is not used in Theorem 19 and differs from the population margin

condition in Assumption 4.

Assumption 5 (Empirical margin condition)] There exist constants Cy > 0 and 8 > 0 such
that, for every v > 0,

@ Springer



Machine Learning (2026) 115:242 Page 27 of 66 242

Pry [ 19,(X)—1/2| <7] < Co7P .

Proposition 20 (Refinement under a margin condition) Suppose Assumption 5 also holds
with exponent 8 > 0. In the setting of Theorem 19, the combined tree-fitting and optimiza-
tion contribution may then be bounded by

1 BI(B+2)
of (2 +a- zM) .
((m 4= )

For 8 > 0, the choice K,, = Q(n“P+2/B+2)) syffices to retain the rate O(n=1(@+2),
Since (48 + 2)/B = 4 + 2/, this refinement reduces the assumption-free depth requirement
when 8 > 2 and approaches the GridCART requirement Q(n*(@+2) as 8 — oc.

Theorem 19 is stated for binary classification. The same argument applies to the unthres-
holded regression histogram in Section 7. In that setting no thresholding step is needed, and
the regression risk is controlled directly by the squared-error potential ep;. Applying the
construction separately to each class gives the corresponding multiclass extension.

7 Beyond Binary Classification
In this section, we extend GridCART to multiclass classification and regression.

7.1 Multiclass Classification

We consider multiclass classification with ¥ = {1,2,...,m} for m € N*. We first define the
conditional G-Influence for multiclass classification.

Definition 4 (Conditional G-Influence for class ¢) Suppose that X is drawn from a product
distribution. Conditional Influence of function f : X — Y on variable X® yurt. class c at
leaf' ¢ is defined by

tnif1s.e |12 Egoen[G( By (100 = 1 1])].

where we here abbreviate [Ep(k)[ﬂ{f(X) =c}|Xe€ t] as Pry [f(X) =c | ¢].

With the definition of Influence at hand, we define the impurity measure as follows:
1 d m
5() = %;;mfmc 1]

Then, every leaf node is split by solving

n}q{%x G(t) — Wy, G(tr) — Wi, G(tg) -
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Note that when m = 2, by using the fact that G(x) = G(1 — x) for all impurity functions G,
we have

Infy[f,1] ] = ) [G r[fX)=1] t])]
= E,om [G (1- Pr [fx)=2] f])]

< Epale{ 1002 1)
=Inf{[f,2] 1],

which implies that the definition of impurity measure recovers the binary classification set-
ting in Definition 2.

The binary consistency argument extends to this multiclass construction by applying the
influence bound to the one-versus-rest indicator of each class and summing over the classes.
Appendix E gives the complete argument, including the multiclass plug-in inequality, the
histogram-estimation bound, and the tree-fitting bound. The resulting guarantee is stated
below.

Theorem 21 (Consistency rate for multiclass classification) Suppose that Assumptions 1-3
hold, where Assumption 1 is imposed on every class-probability function n(-,c), and let

Y ={1,..,m}. Choose G = Var in the multiclass impurity. The expected excess error of the
depth-K,, multiclass GridCART tree satisfies

1 1
En |R(T, —R"<0Olm|—+h, + — .
o [R(Tg )]~ R* < ( (K,,hz \ */nhg»

Choosing h, = O(n~Y4+2)) and K, = Q(n*(@+2) gives the rate O(mn=1/(d+2)),

7.2 Regression

We consider regression with ¥ = [-M, M] for some M > 0. For a regression predictor g,
define its squared-loss risk and the optimal squared-loss risk by

Rreg(g) £ [E[(Y - g(X))Z] and theg = g'i.')rcl—t:R Rreg(g)a

respectively. Similarly, we first formulate the conditional Influence for regression tasks.

Definition 5 (Conditional Influence for regression) Let p and f be a product distribution and
amapping from X to ¥ = R, respectively. The conditional Influence of function f'on variable
X® is defined by

Infi[f | ] = [Epo#m[Varp(k) [f(X) | X € t]] ,

@ Springer



Machine Learning (2026) 115:242 Page 29 of 66 242

where we choose variance as the impurity measure, which is widely used in regression
tasks (Breiman et al., 1984).
For regression tasks, we replace the splitting criterion in Algorithm 3 as follows:

(ko, Sp) < argmax Alll(t,k,s),
k,s

where
ALt k,8) = Infi[f | ] — wy, Infi[f | £1] — we Infi [f | tg] .

For regression, the histogram method directly outputs ghist(x) « #(€) for x € € instead of
applying the thresholding step in Algorithm 2.

Theorem 22 (Consistency rate for regression) Suppose that Assumptions 1-3 hold and
Y = [-M,M] for some M > 0. The excess error of tree Ty, generated by GridCART for
regression has the following upper bound.:

1 1
Ep, [Rreg(TKn)] —Rig <0 ((L2 + MZ)(K 3 +h, + _d)> .

nln nhn
Choosing h, = O(n~Y4+2)) gnd K, = Q(n¥@+2) gives the rate O(I? + M?)n~1/(d+2)),

Theorem 22 shows that GridCART is consistent for regression with order
O((I? + M?)n~1(@+2)) The quadratic dependence on M is natural because regression per-
formance is measured by squared loss. Appendix E gives the complete proof.

8 Experiments

This section conducts experiments on both synthetic and real-world datasets. We first com-
pare GridCART with conventional CART and examine the consistency rate of GridCART.
We then evaluate the two ensemble extensions by comparing GridForest with random forests
and GridGBDT with conventional gradient boosting decision trees on 20 OpenML datasets.

8.1 Experiment Setup

This subsection introduces the datasets used in our experiments and the algorithmic setup
for GridCART and CART.

8.1.1 Datasets

The datasets comprise two categories.

Synthetic datasets: The synthetic experiments evaluate the approximation ability for dif-
ferent target functions, as shown in Table 4. Each synthetic dataset consists of 10, 000 sam-
ples with four-dimensional features drawn uniformly from [0, 1]*. To model noisy labels, we
independently flip each label with probability 0.05. Formally, we have
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Pr[Y = f(x) | X = x] = 0.95,Pr[Y =1 — f(x) | X = x] = 0.05,

where f(x) is the target function.

Real-world datasets: We use 20 binary classification datasets from OpenML (Bischl et
al., 2021; Vanschoren et al., 2013). These datasets and their characteristics are listed in
Tables 6 and 7.

8.1.2 Algorithm Details

Histogram density estimation: The histogram density estimator and the histogram classifier
can be calculated simultaneously for efficiency. As the assumption of a product distribution
may not hold for real-world datasets, we use histogram density estimation directly for the
joint distribution instead of multiplying the estimated marginals.

The choice of hy, . We choose hy, from the set {1/N | N € N*}, which partitions the inter-
val [0, 1] into N equal parts. Because the datasets are not large, choosing N — 1, N, or N + 1
may affect performance. Therefore, we choose the best value of N from {N —1,N,N + 1}
by cross-validation. Table 5 reports the resulting comparison between GridCART and
CART on the synthetic datasets.

8.2 Consistency Rates of GridCART

We plot the decreasing errors as sample sizes increase. For each pair of datasets and sample
sizes, we repeat the experiment ten times. The curves of excess errors as well as our error
bound about training sample sizes are shown in Figure 5. Note that the upper bound we pres-
ent is relevant to unknown constants so we have to rescale the upper bound to fit the mean
values for the comparison.

As shown in Figure 5, the blue lines represent the mean value and the blue regions are
filled between the minimal and maximal values. The shape of the two curves in most of the
subplots can nearly match, implying that the order of our upper bound is not so far away
from the worst-case error in practice. For the Ball and XOR problems, the different curve
shapes do not contradict the theoretical result, which is a worst-case upper bound rather than
a pointwise prediction of empirical error. The gap indicates that the bound can be conserva-
tive for problems that are comparatively easy for GridCART.

8.3 Comparison with CART

We empirically compare the proposed GridCART with CART. We use the same 20 OpenML
datasets, preprocessing, data splits, validation criterion, and paired random seeds as in the

Table 4 Formulation of Target Formulation
synthetic datasets used - -
in our experiments. Sin fFx = U{X(4) < sin [S(X(l) +x@ 4 X(S))]}

Ball  r(x) = 1{ x)? + @) + @) + x®)? <172}

Ring  f(x) = ﬂ{1/3 < (xW)2 + x@)2 + x®)2 + x®)2 < 2/3}

XOR  r(x) = 1{x® < 0.5}  1{x@ < 0.5} & 1{x® < 0.5} & 1{x® < 0.5}
Polyl £(x) = 1{ax)! + 3(x@)? + 2(xP)? + (x®)* < 4}

Poly2 r(x) = 1{ GW)* +2(x@)? + 3(x®)? + 4x®)! < 4}
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ensemble experiment below. CART and GridCART select the maximal tree depth from
{5,10,10g, nyain }, while GridCART additionally selects N from {4,8,16,32}. Table 6
reports test macro-F1 using the same presentation format as the ensemble results.

Across the 20 datasets, GridCART obtains an average macro-F1 of .811, compared with
.808 for CART. Its dataset-level mean is higher or lower on 13 and 7 datasets, respectively.
Thus, GridCART remains competitive with CART while retaining its consistency guaran-
tee under the stated assumptions. For real-world data, the product-distribution assumption
may not hold, while the joint-histogram implementation remains empirically effective. This
motivates us to relax the assumption for the analysis of our proposed GridCART in the
future.

8.4 Comparison of Grid-based Ensembles

We next examine the empirical performance of the grid-based construction in bagging and
boosting ensembles. Specifically, we compare GridForest with RF and GridGBDT with
GBDT.

OpenML datasets: We conduct experiments on the same 20 binary classification datasets
from OpenML (Bischl et al., 2021; Vanschoren et al., 2013). Table 7 reports the OpenML
data identifier, the number of instances #, the number of input features d, and the ratio »
between the minority- and majority-class sizes. The datasets vary in sample size, dimension,
and class distribution.

Experiment setup: For each dataset, we impute missing numerical values with the median
of the corresponding feature, treat missing categorical values as an additional category, and
ordinally encode categorical features. We use stratified splits containing 60% training data,
20% validation data, and 20% test data. Hyperparameters and the decision threshold are
selected by macro-F1 on the validation split, while the test split is used only for final evalu-
ation. We use the same search space for the shared hyperparameters within each ensem-
ble pair. RF and GridForest select the maximal tree depth from {5,10,log, ny,;, } and the

Table 5 Comparison of GridCART with CART on synthetic datasets

Synthetic datasets Test accuracy Depth Number of leaves Time (seconds)
CART GC CART GC CART GC CART GC
Sin 77.9 83.3 26.9 12.3 1253.7 290.4 72.2 1.0
+1.2 +1.2 +2.9 +0.6 +33.3 +7.8 +18.7 +0.2
Ball 88.8 92.8 31.0 10.9 722.0 100.0 80.1 0.5
+1.0 +0.7 +5.5 +0.7 +29.7 +13.0 +19.6 +0.1
Ring 87.0 90.8 26.9 11.5 808.7 144.7 72.5 0.6
+1.0 +0.9 +2.4 +0.5 +27.5 +11.1 +15.7 +0.1
XOR 83.1 94.8 339 10.4 998.6 49.6 1383 0.7
+3.5 +0.7 +6.6 +0.7 +150.3 +11.8 +38.0 +0.2
Poly1 86.2 88.8 29.2 11.3 828.6 143.7 79.5 0.7
+0.9 +1.1 +3.0 +0.7 +26.0 +11.6 +22.1 +0.2
Poly2 86.3 88.9 28.5 11.6 825.6 142.7 81.2 0.7
+1.2 +1.1 +3.2 +0.7 +24.2 +10.1 +21.3 +0.2

Bold font indicates the algorithm outperforms the other one (higher accuracy, lower depth, smaller number
of leaves, and less running time)

GridCART is abbreviated as GC due to space limitations.
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Fig. 5 Comparison of excess errors for GridCART trained with increasing training sample sizes and our
error bounds. The blue curves are the mean empirical excess errors (test error minus the Bayes error),
and the blue regions are filled between the minimal and the maximal values among multiple repeats. The
orange curves are the error bound we presented in Theorem 8. The order of excess error nearly matches
our presented upper bound in many cases

number of candidate features from {\/d,d}. GBDT and GridGBDT select the learning rate
from {0.1,0.2,0.3} and the maximal tree depth from {3, 5,10}. GridForest and GridGBDT
additionally select N from {4, 8,16, 32}. We repeat the complete procedure with ten random
seeds and use the same split for all models within each seed.

We use macro-F1 to account for class imbalance and report the mean and standard devia-
tion over the ten paired random seeds.

Across the 20 datasets, GridForest obtains an average macro-F1 of .833, compared with
.831 for RF. Its dataset-level mean is higher or lower on 11 and 9 datasets, respectively.
GridGBDT obtains an average macro-F1 of .831, compared with .823 for GBDT, and its
corresponding counts are 13 and 7. The datasets range from 506 to 40,768 instances, from
3 to 41 features, and from .165 to .999 in minority-to-majority ratio. Overall, the grid-
based ensembles show performance comparable to their conventional counterparts on this
benchmark.

9 Limitations
The analysis assumes a product feature distribution because the definition of Influence
requires independence among the feature coordinates. Consequently, the guarantees do not

cover dependent features or the joint-histogram implementation used in the experiments on
real-world datasets.
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Table 6 Test macro-F1 of Dataset (OpenML n d r CART GridCART
CART and GridCART on the 20 data ID)
OpenML datasets

2D planes (727) 40,768 11 996 .930+.002 .932+.002
Ailerons (734) 13,750 41 736  .854 +.004 .856 +.009
Arsenic female 559 5 167 .623 +£.071 .555+.051
bladder (949)

Banana (1460) 5,300 3 .813  .884+.005 .892+.008
Banknote authen- 1,372 5 801 .977+.009 .981 +.013

tication (1462)
Boston (853) 506 14 704 .809 +.047 .829+.032
Breast W (15) 699 10 .526 .926+.014 .926 +.029

Churn (46915) 5,000 20 165 .860+.013 .864 +.014
COMPAS two 5,278 14 888 .662+.013 .669+.016

years (42192)
Credit approval 690 16 .802 .834+.020 .867+.014
(46535)
Diabetes (37) 768 9 536 .687+.033 .687 +.028
Glioma grading 839 24 723 .855+.022 .855+.010
(46846)
KDD El Nino 782 9 539 .921+.029 .890 +.031
(839)
Mammographic 961 5 862 779 +£.035 .792 +.028
Values are means + standard mass (43557)
deviations over ten paired PBCSeq (802) 1,945 19 999 .675+.035 .720+.018
random seeds. Boldface Quake (772) 2,178 4 .801 .520+.020 .519+.014

indicates the higher unrounded RMFTSA sleep 1,024 3 988 .703 +.040 .718 +.032
mean within each method pair (741)

The data identifier is shown in Stock (841) 950 10 947 .942+.015 .932+.012
parentheses Tour and Travels 954 7 307 .817+.014 .817+.029
The quantity r is the ratio churn (45545)

between the minority- and WDBC (1510) 569 31 594 .905+.024 .922+.025

majority-class sizes

The GridForest analysis establishes worst-case consistency rates but does not capture the
empirical benefit of tree diversity, whose theoretical characterization remains open.

The GridGBDT guarantee considers a common unshifted grid. With random shifts, the
current iterate is no longer constant on the new grid cells, so the fixed-target residual identity
and the resulting contraction argument no longer apply.

10 Conclusions

Our AISTATS 2023 work identified the zero-purity-gain obstacle in the consistency analysis
of CART and introduced GridCART, for which it established a consistency rate of order
O(n~Y(@+2)) without assuming an additive target function. This journal extension devel-
ops Grid-based Random Forests (GridForest) and Grid-based Gradient Boosting Decision
Tree (GridGBDT). It establishes a consistency rate of order O(n=Y(@+2) for GridForest
and for a theoretically tractable specialization of GridGBDT. Under an additional margin
condition and a feature density bounded away from zero, GridForest attains the faster rate
O(n=(@+D/(d+2)) Op the 20 OpenML datasets, the grid-based ensembles achieve average
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Table 7 Test macro-F1 of conventional and grid-based ensembles on the 20 OpenML datasets

Dataset (OpenML data n d r RF GridForest GBDT GridGBDT
ID)

2D planes (727) 40,768 11 996  .930+.001 .931+.002 .932+.003 .931+.002
Ailerons (734) 13,750 41 736 .875+.006 .870+.006 .878+.006 .878 +.005
Arsenic female bladder 559 5 167 .669 +.078 .624 +.059 .625+.045 .638+.073
(949)

Banana (1460) 5,300 3 813 .893 +.006 .905+.005 .896 +.006 .905%+.006

Banknote authentication 1,372 5 .801 .990 +.006 1.000 +.000 .982 +.005 .993 +.009
(1462)

Boston (853) 506 14 704 .869+.026 .871+.018 .831+.028 .865+.028
Breast W (15) 699 10 .526 953 +.016 .960+.017 .938+.021 .942+.014
Churn (46915) 5,000 20 165 906 +.014 .905+.012 .894+.016 .903 +.013

COMPAS two years 5,278 14 .888 .673 +.015 .670+.017 .676+.012 .669 +.019
(42192)

Credit approval (46535) 690 16 802  .877+.028 .874+.023 .851+.029 .869+.020
Diabetes (37) 768 9 .536 714 +.039 .711+.040 .711+.039 .716 +.048
Glioma grading (46846) 839 24 723 .858 +.021 .860 +.015 .854 +.018 .852+.020
KDD El Nino (839) 782 9 539 .927+.021 .923+.017 .916+.029 .936+.026
Mammographic mass 961 5 862 787 +.028 .797+.027 .785+.023 .787 +.030
(45557)

PBCSeq (802) 1,945 19 999 757 +£.027 782 +.016 .775+.018 .760 +.021
Quake (772) 2,178 4 801 .512+.021 .523+.025 .526+.028 .522+.015
RMFTSA sleep (741) 1,024 3 988 723 +£.027 737 +.022 .707 +£.029 .734 +.027
Stock (841) 950 10 947 953 +.015 .952+.018 .937+.011 .956+.010
Tour and Travels churn = 954 7 307 .820 +.019 .835+.020 .831+.022 .826+.026
(45545)

WDBC (1510) 569 31 .594 939 +.018 .939+.021 .915+.031 .945+.013

Values are means + standard deviations over ten paired random seeds. Boldface indicates the higher
unrounded mean within each ensemble pair

The data identifier is shown in parentheses

The quantity 7 is the ratio between the minority- and majority-class sizes

macro-F1 values comparable to their conventional counterparts. Additionally, we extended
GridCART to multiclass classification and regression and provided consistency rates of
order O(mn~Y(@+2)) and O((I? + M2)n~@+2) respectively. Taken together, these results
demonstrate that the proposed grid-based approach provides a principled path toward nar-
rowing the gap between the empirical success of widely used tree-based methods and their
theoretical understanding.

Appendix A: Proof of Proposition 2 and Proposition 3

Here, we will prove the two propositions in Section 4. We begin with the strict definition of
the impurity function, which was not mentioned before due to space limitations.
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Definition 6 (Impurity function) An impurity function G : [0,1] — [0,1] is a function that
measures the impurity given the ratio of positive samples or negative samples, which satis-
fies the following three properties:

1. (Normalized) G(0) = G(1) = 0 and G(1/2) = 1, which means that if all the samples are
in a positive class or negative class, then there is no impurity. If the numbers of the two
classes are the same, then the maximal impurity is reached.

2. (Symmetric) G(x) = G(1 — x), as we only care about the ratio of the positive or negative
no matter which of them.

3. (Strongly concave) There exists an a > 0 such that for all 6 € [0, 1], x;, x, € [0,1] we
have

G(Bx; + (1 —0)x;) — 0 G(x;) — (1 — 6) G(x,) > aB(1 — 0) (x; — x,)?,
which is useful to lower bound the purity gain.
Proof of Proposition 2

Proposition 2 There exists a probability density p and a conditional probability function
7 : X — [0,1], such that Ax = 0 for any possible cut in every leaf.

Proof We give a counterexample, an “XOR”-like problem in real-valued space, which can
be proved with Ag = 0 for all possible split, even when the error is not zero. In the coun-
terexample, the features X uniformly distributes in [0, 1]? and the target function is defined
as follows:

@ @y = § 0. {xV <05} #1{x@ <0.5},
SO, x5 {1, otherwise ,

or equivalently the exclusive OR of X > 0.5 and x® > 0.5. We let the conditional prob-
ability function 5(x) exactly be £, i.e., the label is with probability one the target function
f(x) for all x. Then we can prove that there is no purity gain for CART, when K = 1, no
matter which dimension & and which cut point s we choose.

Ag =Cx —Cgq1
= > ps- > p5o
teleaves(Tx) teleaves(Tg41)
= 5([0,1%) =5 G(tL) — (1 =) G(tr) (A1)
=G(E[f | X €[0,12]) —sG(E[f | X € t,]) — (1 —5) G(E[f | X € tg])
=G1/2)—sG(1/2)— (1 —5) G(1/2)
= 0 .
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where we write {x | xX®) < s} and {x | xX®) > s} as t; and tg, respectively. (A1) is because
both the positive and the negative classes have the same ratio, no matter which cutpoint we
choose. |

Proof of Proposition 3

proposition 3 For any product distribution p on X and any target function f : X — Y,
InfCART gets no purity gain if and only if it reaches zero error.

Proof The sufficiency is also trivial so we will only show the proof of necessity. Let the

maximal purity gain of InfCART in every leaf be 0, by the strong concavity of the impurity
function, we have

0= max Inf [f | [0,1]°] —s Infy [f | 1] = (@ =) Infy [ | te]
= max [Ep(j#k)[G<|Ep(k) [f1Xe t])] - th[Ep(j#k)[G<|Ep(k) [f1Xe tL])]
— Wi Bz [G([Ep(k) [f1Xe tR])] (A2)

2
> max [Ep(j#k)[aszth([Epw) [fIXet]-Ewl[f|Xe tR]) ]

0,

\Y,

where (A2) is by the strong concavity in Definition 6. Thus, almost surely for all k € [d] and
X|,Xy; € X, once xif #h) ng k) , then one has f(x;) = f(x,), implying that f'is constant in
every leaf. Therefore, we have the error R(T) = 0. O

Appendix B: Proof of Lemma 5
We first show the proof of Lemma 4, which is the basis of Lemma 5.
Proof of Lemma 4

Lemma 4 Suppose that L, -error of estimators Py has upper bound [E[||f)x(k) = Py® Ih] < ex
and Assumption 3 holds, then the following holds:

:

Proof Suppose that we have Hf’x“‘) — Py

d

gZek.

d
H Pxw = Px
k=1 k=1

1

< ey for all k, then we have
1
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d
JJEXE
=1 .

Px
d d d d
< H Py — Py H Pyw|| +||Pyx® H Py — H Py
k=1 k=2 1 k=2 k=1 1
d d d
= ||y — Pxw) H Pyw| + pX<1>(H Py — H Px®)
k=2 k=2 k=2 1
d d (B3)
< [y = pya) [[ xeol| + [Py Py — Py [ ] By
k=2 1 k=3 1
d d
+ [Py Py (J [ Dy = [ Py
k=3 k=3 L
<.
d k=1
< Z H Py Py — Pyw) H Pyo
k= i=k+1 1
By the normalization of probability density, we have
k-1
pr(t) Py — Py®) H Py
i=k+1 1
k-1
/ H Py Py — Pyo) H Py [dxPdx@ ... dx@
i=k+1 (B4)
= (H / Py dX(i)) / [Py — Py | dx® < / p <z>dX(l)>
i=1 i=k+1
<l-e-1
< €k .
Combining (B3) and (B4), we then obtain the following bound
d d
[]pxw —px| <2 e
k=1 L k=1
which completes the proof. O

Proof of Lemma 5

With Lemma 4 in hand, it suffices to prove that e < O (h, + 1/v/nh,). We begin with

Lemma 23.
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Lemma 23 (Wasserman (2006) Theorem 6.11) Suppose that p' is absolutely continuous and
that [(p'(w))*du < co. Then

E [ / [p(u) — p(u)]zdu] <0 (h%l + %) .

Provided that h,, = ©(n~'3), we have the optimal error bound
E [/ [pGw) - p(u)]zdu] <0(n23).

We will then use Lemma 4 and Lemma 23 to prove Lemma 5.
Lemma 5 Under Assumptions 2 and 3, the Ly-error of histogram density estimator can

be upper bounded by
<O d(h + )
= n / .

:

Proof Taking the estimators into Lemma 23 we can bound the error at each dimension by

2 5 1
< .
<0 (o)

d
11 pgw —px
k=1

1

Ep,

Py — Py

By Hoélder’s inequality ||f - 1|1 < ||fll2lI1]|2, and the fact that v/a? + b2 < |a| + |b|, we have

Ep,

1
< Il
1_0<hn+ h)

which completes the proof. O

Pt — Pxw

Appendix C: Proof of Lemma 6

Lemma 24 (Devroye et al. (1997)[Corollary 6.1]) If the classifier is defined by whether
Hn(X) < 1/2, or equivalently as

0, lfﬁn(X) <1/2,
8 () = 1, otherwise .

Then the excess error of classifier g, satisfies
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R(ga)—R* <2 / 1) = 7 (0] POOAx .

We will then prove Lemma 6 by using Lemma 24.
Lemma 6 Under Assumption 1, suppose that the histogram rule satisfies h,, - 0 and
nhd - co as n — oco. For any p,n, n > 0 we have

[E[R(ggist)] —R*<0 (hn + &)

Exclusively provided that h, = @(n~14*+2) we obtain a consistency rate of order
O(n=Y@+2) for histogram classifier ghist,

Proof Then it suffices to provide the error bound of |5(x) — %, (x)|. Our proof is based on
Devroye et al. (1997)[Theorem 9.4], which provided only the consistency of histogram
classifiers, whereas we here showed the consistency rate. Recall the definition of estimated
conditional probability as follows:

s i Y X € e}
ﬂn(X) = 7 .
Zi:l I]{Xl (S G(X)}

By some simple calculation, we have

Z?:l Pr[y =1|X e eX)]I[x; € €x)]
Zinzl H{x; € ex)}
=Pr[Yy =1|X € )]
1

- e /e JRCICSE

= IEXl :--an

which means that the expectation of 7j,,(X) is a piecewise constant function. For some € that
contains no samples we let 7§, (x) = 0 for completeness. We then split [ In(x) = 3, (®)|p(x)dx
into two terms

/ 1700 = (0 IP()dx

< [ 1109~ Ep, lmnColpeox+ [ Ep,[En, 1,00] = a0

term A term B

We bound term A as follows:
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[ 160~ E, a0t

1
n(x) — Pr[x—eej] /C . n(y)p(y)dy’ p(x)dx

j€q ’ej
- Z pr[— n(x) p(y)dy / n(y)p(y)dy‘ p(x)dx
Jed ¢; e;

<3 mxee] X<a] / / 170 = 7| PEOP(y)dxdy

< Z Pr X cel / / Ldiam(€;)p(x)p(y)dxdy ,

Jjed

where diam(€;) = max; yce, ||[X = X'||, and we use the fact that Pr[X € ¢;] = [, p(x)dx
J
and Lipschitz condition in Assumption 1. It is not difficult to prove that diam(¢;) = h,vd

. Consequently, we have

Zm / / Ldiam(€;)p()p(y)dxdy
il Je; Je;

Jjed
= —Lh VdPr[X e ¢’
JZG;P X €c
=Lh,Vd) Pr[Xe e
Jjed

=Lh,Vd,

Then we bound term B. At each cube €; both 7,(x) and Ep, [#.(x)] are constant function.
Let v,(C) = % Zi":l Y ;I{X; € €}. Then by Jensen’s inequality, we have

[l

(C5)

,000] = 120 [p0dx = E, | | [Ep, 3001 = 7a0]p0x]

= Ep, [)[ED va(€))] = va(€; )\]

Jjed

< Z\/ED [1E, [rncep) - mcep| |

jedq

2
Note that [EDn[ n[vn(C’j)] - Vn(ej)‘ ] equals to the variance of v,(C;). It can be trivially

bounded by Pr[X € ;] and here we use Jensen’s inequality again, and consequently we
have
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/[EDn[ Ep, [n ()] = 7?n(><)|]p(><)dx < jze; \/[ED,,[ Ep, [va(€))] -

<y

Jjed

- |3|ﬁ2 /Pr[Xne ¢

Jjed

< N T PR X el

Jjed

-/,

Vn(ej)|2]

(Co)

As X = [0,1]¢, the cardinality of g, is exactly 1/h¢. Taking |J| = 1/h¢ into (C6) we have

/ [ED"[|[EDn[ﬁ”(X)]_ﬁn(X)”p(x)dxg \/% .

(€7

Combining (C5), (C7) and Lemma 24, we obtain the following bound of the excess error

R(ghisty —R* < 2 (Lhn\/3+ n;d) .
n

This completes the proof.

Appendix D: Proof of Theorem 7

We begin with the following lemmas, which will be used in the proof.

i n 1 n
Lemma25 LetS; = 1201 ajl we have 35, Sy > 237 lail -

Proof 1t is equivalent to proving that

n n
2281 2 Z'a” .
i=1 i=1

We first combine |a; + a, + -+ ai| and |a; + a, + -+ + a + ai4q| together for all k as

follows:
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n n n
ZZSL = ZSL + ZSL
i=1 i=1 i=1

= |ay]
+lay| + |ay + ay
+|a; + ay| + |a; + a; + a5
+lay+ay+tapq|+tlagtay++a, +ay
+latay+ta,_ +ay,l.

For every pair of |a; +a, + -+ ai|+|a; + ay + -+ ax + ai41|, we use the fact that
la| +|a + b| > |b|. Setting a =a; +a, +--+a, and b =ay,,, we have the following
inequality holds.
n
2> S > |ay| + |ag| + -+ + |an| +|ay + @y + - + @p_y + ay|
i=1
2 |a| + ag] + - + |ag] -

This completes the proof. O
Lemma 26 Let C > 0 be a constant such that for all n > 1, the conditions a; < C and
ap — Qpy1 > % hold. Then, it follows that:

a, < Vn>1.

Elke!

Proof We prove this by applying mathematical induction on n

1. n =1 holds as is given in the condition.
2. Suppose that the inequality holds for n = k. We then think about the case whenn =k + 1

c . .
(a) Ifa < k%l, then a1 < g < T a8 {a,}52, is decreasing

(b) Otherwise % > a; > k%l, then we have
ag C < 1 ) C
<ag(1-X)<=(1- — )< —.
Fet1 = Ok ( c ) ~k k+1/ = k+1 This completes the proof. O

Proof of Theorem 7

We prove Theorem 7 by the following two steps. Firstly, we bound the purity gain of any
1-dimension toy problem. Then, we show that the d-dimension problem can be reduced to
many of them, as a result of which, we can bound the potential after the tree grows to depth
K.
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Fig. 6 Target function of the 1-dimension Yy A

toy problem
P p1 D3 Ds

| ) D4
-1

Step I: Analysis of the 1-dimension Case

We initiate our discussion with the 1-dimensional scenario, depicted in Figure 6. Herein,
we define the one-dimensional feature X as following a uniform distribution U[0, 1]. Spe-

cifically, 0 < p; <1 forall 1 <i <N, and Zflzl p; = 1. Let P; denote the cumulative sum
of the first 7 probabilities, defined as P; = Z;zl pj. We then define the target function fas:

N
fG) =) Py < x <P} (=1 41 {x =Py} (DN,

i=1

which ranges from {—1,1}. Note that we consider ¥ = {—1,1} for simplicity, and it is not
difficult to extend the result to ¥ = {0,1}. For 1 < i < N, define the signed cumulative sum

Qi= Z;Il(—l)j‘lpj. We also write
w=Elfl, & =Ef[0<X<sl, ur()=E[f|s<X<1].
Let the purity gain at the split point s be
Bg(8) = G(w) = sG(ur(s)) — (1 = )G(ug(s)) -
We can then lower bound the purity gain by

max Aq(s) > max as(l - $)(p(s) — ()

O<s<1
Qn — Qg )2
1-P, )~

(D8)

Qk
> max PL(1—Py) | — —
1<k<N i i) ( Py

The second inequality follows by restricting the candidate split points to s = P, for
1 <k < N, and a =1 for the Gini index. We will then bound (D8) in the following lemma.
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Lemma 27 The maximum of optimization problem (DS8) has a lower bound

2 2
&_QN—Qk) _ Var’ff]

1rgr}ca<)§vp"(1_P")<Pk 1-p ) “ =12~

Proof Using the definitions of P, and Qj, we can rewrite (D8) as

Qv — Qi) _ (Qr — QNP
W> = BN TRa-pPy
- ZI::(Qk — QnP)?

N-1
Ek:l Pk(]- - Pk)

Qk
max P.(1—P —_— =
1<k<N k( k)(Pk

The inequality is because the maximum is always greater than the weighted average. Note

that E[f] = Zf\il (=1)"1p; so we can rewrite the numerator

k

k N
Qr—QnPc =) (-1 'p; - (Z (—1)i_1pz) > b
i=1 i=1

i=1

: (D9)
= pi(-D T —ELf]].
i=1
Forall 0 < x <1 we have x(1 — x) < 1/4, consequently we have
N-1
S R(-P)< %. (D10)
k=1

Combining (D9) and (D10), we have

Yhey Q= QB 45y [Simy P[0 - ELT]]
lej: P(-P) N-1

Using Cauchy-Schwarz inequality or the fact that Zin:l a? > %( Z?Il |ai|)2 we have

2

k
> pil-1)it - [E[f]]‘)
i=1

N-1 2(N_1)2 Z

k=1

2
Ay [ e[ - LT s (N—l

Using Lemma 25 as well as Jensen’s inequality we have
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2

4 N-1| k
w1 (Z pi[ (=17t — ELf]] )
k=1 |i=1
2 N . 2
b (L& (L, Ipi [0 —ELf1])
CE (;; ;pi[(—l) LElf]|) = T :

Note that the equality is because Zil pi [(=1)i7* —E[f]] = 0. By using the fact that

N 2 N 2 . .
(Zi=1 |ai|) > (Zi=1 ai) , we can finally obtain the following lower bound.

(S0 el =AY (3, It [t = D)

(N —-1)2 N -1y

2
(S, Ipi [1 = ~0EL 1)
N -12
2
_ (S l- e
= N -1
(1=EIfP)
N-17

_ Var’[f]
T (WN-1)2

The proof is complete. O
Step ll: Reduction from d Dimensions to One Dimension

To reduce the general d-dimension cases to 1-dimension cases, we begin with the following
conclusion.

Lemma 28 (Keller (2011)[Proposition 2]) Let h : [0,1] — [0,1] be a concave function sat-

isfying h(t) > Ent(t) for all 0 < t < 1. There exists a constant B' > 0 such that for any func-
tion f : [0,1]1¢ = {0,1} with E[f] = p we have

d
p-p)<BY. Infilf]

)
k=1 OB 31

s

where Infhk [f]=Ey g0 [h([Ep(k) [f])]follows the definition in Definition 1. Then provided
that h(x) = 4x(1 — x) and B = 4B'/log(4/3), we have

d
p(l—p) <B> Infi[f].
k=1

With Lemma 27 and Lemma 28 at hand, we start proving Theorem 7.

@ Springer



242 Page 46 of 66 Machine Learning (2026) 115:242

Theorem 7 Suppose that the target function g is grid-aligned N-piece and that the can-
didate cuts in Algorithm 3 include the corresponding cut-point sets. Then, under Assump-
tions 1-3, for the tree T generated by Algorithm 3 with depth K, we have

E[H{T(X) # g (X0} < o (W/K) -

Proof Algorithm 3 learns a tree to fit the histogram classifier gt in Algorithm 2 under the
estimated distribution p. Let €(T) be the error of tree T fitting the histogram classifier ghist

,1.e.,
&(T) = Ex [ {T(X) # gh*(X)}] .

Note that any x falling into leaf ¢ has the same label, so the error is the minimum of
Prxwp[gﬂiS‘(X) =1]and Prxwﬁ,[gﬂiSt(X) =0].Letp = PrXNf,[gl,}iSt(X) =1]and h = Var, by
Lemma 28, we have

d
&(T) = min(p,1— p) < 2p(1—p) < 2B Inf"
k=1

(gn™]. (D1T)

which implies that the error can be bounded by the impurity measure except for a constant.
Note that results in Lemma 28 and (D11), which take expectations over X € X, are easy to
be extended to X € t. We define the error at leaf ¢ as follows:

&(T | 1) = min (Pr[gh*(X) = 1| X € t], Pr[gh*(X) =0 | X € 1]).
Similarly, we recall the definition of conditional Influence, which has been introduced in
Definition 2.

Var

Inf™ [f | t] = [Ep(#m[Var [Ewlf [ X € t]]] .

Then, it still holds that the error is bounded by Influence, i.c.,

d
«T[1)<2B Infi™
k=1

[f [

We recall the definition of the potential of the learned tree Ty width depth K as follows:

Ce = ) PriX €150

teTk
. d (D12)
Var
- Zl?sr[Xe t] EZInf" [f1tl,
teTk k=1
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where G(t) = Zk ,In ka “[f | t] is the impurity at leaf #. By Lemma 28 we have

€T)= Y PrXedeT |0
teleaves(Tx) P (D]3)
< 2BdCy .

Then to control the potential Ck is sufficient to bound the error €(Tx ). We first show that the
potential gain verifies

4C2
Ag = Cg —Cgaq > N K1)3'

Every leaf't € leaves(Tx) is split into two new leaves ¢ and tz. We write its coordinate-wise
conditional purity gain as

Var

8(t,k,s) 2 Infy, Jar

i Var
[g}rlzm | t] thInfk

[ghist | t] — wy, Infy ™ [ghst | ]

Thus, the previously defined Influence gain satisfies A (¢, k, s) = p,8(t, k, s). The two chil-
dren can be written as t; =t N {x | x®) < s} and tg =t N {x | x®) > s}. At step K, the
potential gain is the weighted sum of maximal conditional purity gains over all leaves.

Cx —Cgq1 = Z J rrllcztxé(t, k,s) .

teleaves(Tx)

For any leaf ¢, we choose a dimension & and cut point s to maximize §(t, k, s), which gives

d
maxé(t k,s) > = 3 Zmaxé(t k,s)

d
éz 5 38 k.s).

k=1 SESK

where we frequently use the fact that max,c4 f(a) > — o Za A f(a), ie., the maximum

is no lower than the mean. As the tree grows to fit the histogram classifier, we have
8k = {hy,2hy,...,(1/h, — Dh,}, which implies that |S| = 1/h, — 1. For compactness,
define

Hie,1(8) = E, (k) ghist | X € 7],
M r(s) = E, sl [ghist | X € trl,

2
Sy (t, k,5) = E g0 [th we, (k1. (8) — e r(S)) ] .

The strong concavity of variance gives

O(t, k,s) > 6..(t,k,s) .
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Here, 8y is the set of all possible cuts for leaf ¢ along dimension &. As the sum is no smaller
than its largest summand, we have

> 6t k,5) > max S(t,k,s),

SESK

which has the same form as (D8) and can be bounded using Lemma 27. To apply the
lemma, let z = 2ghist — 1. The conditional mean difference for z is twice that for gh'st, and
Var[z | X € t] =4 Var [ ghist | X € t]. Consequently, we have

d

1
> o
n}l{ixé(t, k,s) > AN -1 kE maxésc(t k,s)

SESk

d
_* ; 2 hist
> AN 1P ;[Ep(#lo [Varp(k)[gn | X e []] )

By Jensen’s inequality and the definition of impurity measure G, we have

Var (k) ghISt | X et]
(N-1)

d
N1 % Z (J%k)

(N_ 1)3 d Z[E (j#k) [Var ®|g ‘St | X e t]]

2

(N—1)3< Z[E(]#k)[Var wlg lstxet])

2
== 1)3 ——3 9.
Then the potential gain Cx — Cx; at step K is the weighted average of purity gains over all
the leaves:

Ck—Cxyi= >, P maxé(t,k.s)

teleaves(Tk)

2 Gy, O, P

teleaves(Tk)
2 (D14)
4
>——( > pS®
(N - 1)3 (teleaves(TK)
— 4 2
= WN-1p Ck .

By Lemma 26 and (D14) we can upper bound the potential Cx

N -1

— (D15)

Cx <
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Finally, by combining the upper bounds of the error (D13) and the potential (D15), we have

Bd(N —1)3

<
e(Tx) < K

= O(N?/K),

which completes the proof. O

Appendix E: Beyond Binary Classification
This section proves the consistency guarantees for multiclass classification and regression.
Consistency Rate for Multi-class Classification

LetY ={1,..,m}, letn(x,¢) = Pr[Y = ¢ | X = x], and let

f*(x) € argmaxn(x,c)
cey

be a Bayes classifier. The Bayes error is R* = R(f*). We define the estimated class prob-
abilities and the histogram classifier by

’.1 |] Yi == 5Xi € @ .
2iz i ¢ (0} and gh'(x) € argmax 7,(x,c).  (El6)
Zi:l ”{Xl (S @(X)} cey

n(x,0) £

A fixed tie-breaking rule is used, and an arbitrary probability vector is assigned to an empty
cell.

Corollary 29 (Extension of Devroye et al. (1997)[Corollary 6.1]) If g,(X) € argmax A, (X, c)
cey
, then

R =R < Y [ Ix0) = (.l p00x.

cely

Proof Fix x, write ¢* = f*(x) and ¢ = g,(x), and use %,,(x,¢) > 1, (X, c*). The conditional
excess error satisfies

n(x,¢*) =n(x,6) < (X, ¢*) = hn(X, )| + (%, 6) = n(x, O]
<D Intxe) = A0
cey
Integration with respect to p proves the claim. O
Corollary 30 Suppose that Y = {1,2,...,m}. Suppose that every n(-,c) is L-Lipschitz and

that h,, — 0 and nh% — co. The histogram classifier in (E16) satisfies
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Ep, [R(H)] - R* <2m (Lhn\/ﬁ + Z ¥ ) .
nnpn

In particular, h, = ©(n=4+2) gives the rate O(mn="(4+2)),

Proof For each c € Y, apply the argument for terms A and B in the proof of Lemma 6 to the
binary variables Z; . = I{Y ; = c}. The conditional mean of Z; . is n(x, ¢), so (C5) and (C7)
give

Eo, [ In(x.0) = a0 PO < 2 (LA, Vi + ).

nhy
Summing this inequality over ¢ and applying Corollary 29 proves the result. O

Lemma 31 (Multiclass tree-fitting bound) Let g : XX — {1, ..., m} be an N-piece function. A
depth-K tree built with G = Var in the multiclass impurity of Section 7 satisfies

3
PHT(X) # (X)) < o(’"N )
p

alk
Proof Define g.(x) = I{g(x) = c} and

d m
ar 1
Lo =T ge [ £, 60 = =33 o0
k=1 c=1

If gc(t) = Pry[g(X) = ¢ | X € t], the conditional majority-vote error obeys

1-maxqe(t) <) qe(t)1 = ge(t))
c=1

o (E17)
< B, Z; ; I o(t) = Bodm §(0),

where the second inequality applies Lemma 28 conditionally on 7 to every binary function
gc- The constant By is independent of N, K, and m.
Let Cx = Zteleaves(TK) Prp[X € t]9(t). For a cut s on coordinate £, let 8y (¢, s) be the

decrease in Iy .(t). Every classwise decrease is nonnegative by concavity of variance, and
hence

m
1
Apc(t k,5) > = Z; Skt s).
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For every pair (£, c), g. is an N-piece binary function. The one-dimensional calculation in
Lemma 27, in the form used to obtain (D14), gives

3 Ge(ts5) > g e®

SESK

Averaging the multiclass gain over all d(N — 1) coordinate-cut pairs and applying Jensen’s
inequality now gives

d
1
Ame(t, k,8) 2 ———= Anellof
max me( S)_d(N—l)kZ;seZs;c el

d m

4 2

= TPm(N 17 ; X;Ik,c(t)
=1 c=

4

> mg(t)z-

Consequently,

4 2
Ck = Cxn1 2 gy =13 th PrX € 1]5()
4 2
= d(N —1)3 Ck-

Lemma 26 gives Cx = O(N3/K). Averaging (E17) over the leaves then gives the stated
O(mN?3/K) fitting error. O

Proof of Theorem 21 For any two classifiers, the difference of their risks is at most their
disagreement probability. Therefore,

R(Tg,) — R(gh™) < l;r[TKn X) # g™ 01+ Ip = pll-

The histogram classifier is an N-piece function with N = 1/h,,. Lemma 31, Lemma 5, and
Corollary 30 thus give

m 1 [ 1
Ep [R(T; —R* <0 +d|h,+\/— |+ m|h,+,/—|]-
Dn[ ( Kn)] = <Knh§l < n nh”) < n nhg ))

Since m > 1, d is fixed, and h,, < 1, the middle term is absorbed by the last term. Substitu-
tion of the choices stated in the theorem completes the proof. O

Consistency Rate for Regression

Let n(x) = E[Y | X = x] and R(h) = E[(Y — h(X))?]. The histogram regressor is
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. A Z:;l Y; {X; € e(x)}
Ha(X) = 7
Zi:l I]{Xi € @(X)}

with an arbitrary value in [-M, M] on an empty cell.

Lemma 32 (Histogram regression bound) If |Y| < M and n is L-Lipschitz, then

Eo, [ 00 = 700)"pe0dx < 0 (2an} + 20 ).

nnp

Proof For a grid cell G, let

The Lipschitz assumption and diam(€) = h,,\/d imply
[7(x) = 7e| < Lh,Vd for every x € €.
Hence the integrated squared bias is at most I?dh2. Conditional on the number N of obser-

vations in €, the sample mean has variance at most M2/(Ng V 1). The standard binomial
bound

I{Ne >0} 2
[E[ Ne S mrDPIX el

together with the empty-cell contribution gives
2
J
ZPrX € ClEp, [((@) —7e)’] < o( | ')

Since || = h;;¢, the bias—variance decomposition proves the claim. O

Proof of Theorem 22 The square-loss excess-risk identity gives
RealTi) = Ry = [ (i, (00 = (0D

Insert 7, and use (a + b)* < 2a® + 2b%. Both Ty, and 7, take values in [-M, M], so replac-
ing p by p in the tree-fitting term costs at most 4M?||p — p||;. It follows that
reg(TK ) Rreg < 2E; [(TKH(X) - 7ﬁn(><))2] + 81\/12”15 - p”l

2 / () = 7())p(0dx.
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The target 7, is an N-piece function with N = 1/h,,. Applying Theorem 16, Lemma 5, and
Lemma 32, and then taking expectation over D,,, gives

2 1

2 2 2 M2
+M d(hn+ nhn)+L dhn+nhd).

n

N M

[EDn [Rreg(TK,l )] - Rreg <0 <Kn h?;
Forh, < 1andnhd > 1, wehave hZ < h,, (nh3)~! < (nh$)~V2 and (nh,) "2 < (nhd)-1/2
. The displayed bound therefore implies the bound in Theorem 22. Substituting the stated h,,
and K, proves the rate. O

Appendix F: Proofs of the GridForest Randomization Lemmas

Proof of Lemma 11 Use the potential Cx defined in (D12). For a leaf ¢, define the best gain
along coordinate & by

©(8) = max 6(t, k, s),
N

where &(t, k, s) is the conditional purity gain used in Appendix D. Conditional on the tree
constructed through depth K, choose

ki € argmax Ap(t).
keld]

Since 8; is sampled uniformly from all subsets of [d] with size m,
. m
Pr(k, S St) = E

Every candidate purity gain is nonnegative. Therefore,

Es, [max z(t)] > Pr(kf € §,)AL (1)
Kes: t (F18)

- max A (t)

T d keld]

Let F ¢ contain the training data and all random choices made through depth K. Apply-
ing (F18) independently at every leaf and then using the full-feature potential decrease
in (D14) gives

4

_ T m
T E Cxk.

m
E[Cx — Cky1 | Fx] > q

Write ugx = E[Cg]. The law of total expectation and Jensen’s inequality yield

am

Ugyr < ug — m”ﬁ
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Applying Lemma 26 to this recursion gives

)

Finally, the error-to-potential inequality (D13) holds for every realization of the randomized
tree. Taking its expectation and substituting the preceding potential bound proves

3
EoEp [{Tk.o(X) # g0} < © (%%)

O

Proofof Lemma 12 Let f* be a Bayes classifier, with ties resolved by a fixed rule. The binary
excess-risk identity gives

R(g) —R* = Ex [|12n(X) - 1|I{g(X) # f*(X)}] (F19)

for every binary classifier g. If F;(X) # f*(X), at least half of the base classifiers disagree
with f*(x). Hence, pointwise in X,

M
{Eu00 £ 00} < 37 DT # (0

Multiplying this inequality by |27(x) — 1|, taking expectation over X, and applying (F19) to
every classifier proves the claim. No independence among the base classifiers is required.

Appendix G: Proof of Proposition 13

Proposition 13 Under Assumptions 2 and 3, the density p is bounded on [0,1]%. Define

A

sup p(x) < oc.
x€[0,1]4

P
For 0 < 8. < 1/2, we have

Pr[3keldl st X% €[0,6u] UM = Spaxs 1] < 2dP8may = O(dan):

Proof Under Assumption 2, every marginal density is continuous and bounded on the com-
pact interval [0, 1]. Assumption 3 then implies that p is continuous and bounded on [0, 1]¢
. For each k € [d], let

Ay = {X(k) € [0, 8,0 ] U1 — 5max,1]}.
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The subset of [0,1]¢ corresponding to Ay has Lebesgue measure 28,,,«. By the union bound,

d
Pr < Pr(Ap) < 2dPSimax = O(dBpmay)-
k=1

d
U
k=1

where the implicit constant is independent of &,,. [

Appendix H: Proof of Corollary 15

Corollary 15 (Margin fast rate for GridForest) Suppose Assumptions 1-3 and 4 hold. Sup-
pose also that there exist constants 0 < ppin < Pmax < 00 such that

Pmin < p(X) < Pmax» x € [0, 1]d .

If 0 < Spaxn < hy, then for some constant ¢ > 0 the expected excess error of GridForest
satisfies

[EDn,@,5[R(f(@i 6))] —R* S 0] <i 1

+hit + (
mK,hy

Choosing a, = 0(n), h, = O(n~1/(d+2)),

K,=Q (%n(a+4)/(d+2)> and gy = O (DI

yields

EDH,@,S[R(f(@a 5))] —R*=0 (n—(oc+1)/(d+2)) .
Proof We first restrict attention to the interior grid cubes whose side lengths equal h,,. Prop-
osition 13 bounds the probability of their complement by O(ddyax,,)-
The strong density bounds imply that every interior cube € has probability at least pyi, h%
. The conditional mean of the labels in € differs from 7(x) by at most Lh,,v/d for every x € €
. Hoeffding’s inequality, together with a binomial concentration bound for the number of

observations in C, therefore gives constants ¢y, ¢, > 0 such that

g)r [|77a,, (X) - ﬂ(x)| > Lhn\/a + u] < C1 exp(_CZanhﬁuz) (HZO)
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for every u > 0 and every X in an interior cube. Applying the standard plug-in argument
under Assumption 4 to (H20) yields

1
anhg

>(oz+1)/2

Ep,, [R(ga:)] - R* < O(h%+l+( +d6max,n) : (H21)

This is the usual fast-rate conversion for plug-in classifiers (Audibert and Tsybakov,
2007, Lemma 3.1).

It remains to transfer the tree-fitting guarantee from p to p. The joint density bounds
imply the same bounds for every marginal density. For each coordinate and each interior
interval b of length h,,, a multiplicative Chernoff bound gives

Pr{p, a0 (x) < pmin/2 for x € b| < exp(=c3a,hy)

for a constant c¢; > 0. A union bound over at most d/h, marginal intervals shows that all
estimated marginal densities are at least p,;,/2 on the interior with probability at least

1- 4 exp(—csayhy,) .
hy,

On this event, Assumption 3 gives

d

px) < pm(pi) p(X)

min

throughout the interior. The population disagreement probability between a fitted tree and
its histogram target is consequently bounded by a constant multiple of the disagreement
probability under p, together with the boundary and concentration-failure probabilities.
Lemma 11 and Theorem 7 then give the tree-fitting contribution

d 1 d
O <Em + damax,n + h_n exp(—c3anhn)> .

Combining this display with (H21) proves the first claim.

Finally, a, = @) and h, = ©@(n~Y@+2) make both histogram terms of order
n=(@+D/(d+2) The stated choices of K,, and Omax,n give the same order for the tree-fitting
and boundary terms. The remaining exponential term is asymptotically smaller than every
polynomial in #. This proves the claimed fast rate. O

Appendix I: Proof of the Consistency Rate of GridGBDT
This appendix proves the results of Section 6.2.2, namely Theorem 16, Lemma 17,

Lemma 18, and Theorem 19, together with the auxiliary split-gain bound of Lemma 34 that
Section 6.2.2 states only informally. We first record the Efron—Stein inequality, which sub-
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stitutes for the Bourgain-type inequality of Lemma 28 when the target is real-valued rather
than {0, 1}-valued.

Lemma 33 (Efron—Stein inequality, Boucheron et al. (2013)[Theorem 3.1]) Let X(l), ,X(d)
be independent random variables and let f : X — R satisfy E[f(X)?] < cc. Then

d d
Var(f(X)) < Y Eycn[Varw (FX0 [ XT)] = 3 fi™ 11

k=1 k=1

A Split-Gain Lower Bound for Real-Valued Targets

Lemma 27 is not merely stated for a special case but bounds the specific optimization prob-
lem (D8), whose objective is written in terms of the alternating partial sums -, <k(—l)i‘1 Di

, since the classification target it was designed for takes the values +1 on successive pieces.
The residual histogram g, takes arbitrary values in [—B, B], for which these partial sums are
undefined, so the split gain of (DS8) is no longer a function of the masses p; alone and the
bound cannot be recovered by rescaling. The argument must instead be reorganized to keep
the piece values explicit. The following lemma does so, and its proof uses the same sum-of-
absolute-values argument as Lemma 25 without requiring the piece values to be +1. Setting
B =1 recovers the order of Lemma 27.

Lemma34 Let X ~ U[0,1] and let f : [0,1] — [—B, B] be an N-piece function taking value
v; on its i-th piece, of probability mass p;, fori =1,...,N. For 1 < k < N, write

P2 pi, D ZEf|X<PJ]—Elf | X>Pd].

i<k
Then

Var’[f]
- 2> W
max Pl =PoDic 2 gpy 1y

Proof Letu = E[f] =}, piviandu; = v; — u,sothaty . pju; = 0,3, pjuj = Var[f] =: o2
, and |u;| < 2B for every i, since v; € [~B, B]. Write Qi = ), _, p;u;. Since Zil piu; =0

,we have » ., piu; = —Qy, 50

_ Qg Qr _ Qx
Die= P T1-P  P(-P)

Using Pr(1 — P,) < 1/4,

Qi
max P,(1—P,)D? = max ——~
1<k<N k( i)Di 1<k<N P (1 — Py)

>4 max Q2.
- 1gk<NQk
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Since the maximum is no less than the average, and by Cauchy—Schwarz

e @ =710 lak)?),

N-
41<21<2}3r( 1Qk - ZQ" - (N <Z |Qk|)

. . N- N
Applying Lemma 25 with a; = p;u; (so S; = |Q;|, and Qy = 0s0 Zk=1l 1Qkl =k, 1QkD:

Since [u;] < 2B, we have ui < 2B|u;l, i.e., [u;] > ui/(2B), s0 ), p;|u;| > o*/(2B). Combin-
ing the last three displays,

2
O.4

4 o2
_ 2 = —
X Pl = Pbie > = 1)2( ) 4B2(N 17

which completes the proof. O
Proof of Theorem 16

Theorem 16 Suppose the target g : X — [—B,B] is grid-aligned N-piece (Definition 3)
and that the candidate cuts include the corresponding cut-point sets. Then, under Assump-
tions 1-3, the regression tree T generated by Algorithm 3 with the impurity Var in place of
G (Section 7) and depth K satisfies

2773
B[00 - 5007] < o 220 ).

Proof We follow the two-step structure of the proof of Theorem 7 in Appendix D, replacing
Lemma 28 by the Efron—Stein inequality (Lemma 33) and Lemma 27 by Lemma 34.

Let e(T) = E5[(T(X) — g(X))?] denote the fitting error of a regression tree T against the
target g, and for a leaf ¢ let e(T | t) = Var(g | X € 1), the mean squared error of predicting
the constant E;[g | X € t] on ¢, which is exactly the value Algorithm 3 predicts at leaf t when
run with the Var impurity. Because ¢ is an axis-aligned box and p is a product distribution
(Assumption 3), p restricted to ¢ is again a product distribution, so Lemma 33 applies con-
ditionally on #:

e(T | 1) = Vary(g | X €1) < Zlnvarg|t] = dg(t),
k=1

where §(t) = %ZZ=1 Infy"[g | ], as in (D12). Summing over the leaves of the depth-K

tree Tk,
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€Tg) = Y. pe(Tx |0 < dCx, 122)

teleaves(Tx)

with Cx =), p;9(t) as in Section 4.1.
For compactness, define

iy (s) = Eolg | 1], M r(s) = E wlg | trl,

N 1

Vi) = Var,wlg [ 1], cn BN

For the purity gain, the law of total variance gives the following exact identity for any leaf
t split at (k, s) into t; and tg.

2
8glt k,s) = E 0 [thw,R(,uﬁ’L(s) — U g(5)) ] .
Restricting cuts to the grid 8, = {h,,, ..., (1/h,, — Dh,},|S| = N — 1 with N = 1/h,,, exactly
as in Appendix D, and applying Lemma 34 coordinate-wise (conditionally on X(_k), with

range bound B, then taking [E},)(j?’k) of both sides) in place of Lemma 27, the same chain of
inequalities as in Appendix D gives

d
N
max Og(t, k,8) > i kZ; EyirolV k()]

d
CN Var 2
> =0y (Infi"[g | o))
k=1
1 d V: i
ar
>N (a > Infi"[g | f])
k=1
= cl\fg(t)2 )
The last two inequalities follow from Jensen’s inequality, since E[X?] > (EX)? and

d='y7, aip > (d' Y7, ax)’. Summing over leaves and using Jensen’s inequality once more
gives

Cx —Cgyq1 = Z py max O4(t, k, )

teleaves(Tx)
>CN Z D¢ 9(02
t
> cnCE .
By Lemma 26 with C = 4B%(N — 1)* (valid since C; < B2 < C),
20N _ 1)3
o < BN-1D

- K
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Combining with (122),
4dB*(N —1)* B2N?
which completes the proof. O

Proof of Lemma 17

Lemma 17 Let F,_, be an iterate generated by Algorithm 6 with &,,x =0. Then F,_;
is constant on every unshifted grid cube C € g, and the residual histogram satisfies
6:(€) = 1,(C) — F;_1(C) for every C € 7.

Proof We argue by induction on ¢. The base case Fy = n~! >_; Y i is constant everywhere,
in particular on every grid cube. Suppose F,_, is constant on every cube of J (with F_; = F,
interpreted trivially for t = 1). Because Algorithm 3 (Section 5.3) restricts every candidate
cut to {h,,2hy, ... }, every leaf of T,_, is a union of elementary grid cubes, so T;_, is con-
stant on every € € J. Since clip|, ,, is applied pointwise to the (now constant-on-C) sum
Fi(X) +vT; (%), F_y = clipyy ;(Fi—2 + vT;_,) is likewise constant on every € € J, com-
pleting the induction.

Given that F,_; is constant on C, write F,_;(C) for its value there. For every sample i with
X;€C,Y; —F_1(X;)=Y; — F,_1(C), so averaging over the samples falling in C,

_ 1 1 .
@) = o= > (Yi—Fia(@) = (n— > Yi) — F_1(€) = 74(€) = F,_1(€),
¢ i:X;ee ¢ i:X;ee
by the definition of %,,(€) in Section 5.2, which completes the proof. O

Proof of Lemma 18

Lemma 18 Suppose every round of Algorithm 6 satisfies the guarantee of Theorem 16 with
B=1,N =1/hy, ie, E5[(T,(X) — 5,(X))*] <y for y = O(1/(Kh3,)).Then

Ve < A -v)e1+vV7, t=1,..,M,
and consequently \/ep; < (/¥ + (1 — )M Jeq, with eq < 1/4.
Proof By Lemma 17, p, =1, —F,_; as functions on J. Let F, £ F,_; +vT, denote
the unclipped update, so F; = Clip|o,1](Ft)- Since #,(C) € [0,1] for every € and clip-

ping to [0, 1] is a 1-Lipschitz projection onto a convex set containing 7,(€), we have
11a(€) = F(©)] < [5a(€) = Fi(€)] for every €, 50 e, < & = 3, Pry[X € €](1§,(C) — F(©))?
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Write g =p,—T;,, the round’s own fitting residual, so  that
Yo Prp[X € €1 (€)? = By [(T,(X) — 5:(X))*] < ¥ by hypothesis. Since
Hn = Fy = pr = vT; = 1 = v)p; +vg;,

¢ = Z I;r[X € e][(l -v)p,(C) + vgt(e)]2
e

=1 -, +2v(1 - v); PrX € €15(C),(C) + % 2@: PriX €] g(e)?
2
< (=)o + 2001 =)y + vy = [(L=v)ve g +vv7

where the inequality uses Ze Prp[X € Clp,(@)? = e;_;, Cauchy-Schwarz for the cross
term, and Ze Prp[X € Clg;(©)? < y. Taking square roots and combining with e, < &, gives

ver < (1—v)/e;_1 +v,/y. Unrolling,
Va7 < A=m(Vea—vr) € - < A=V -v7) < 0-»'Ve,

so ey < ¥+ (- M \/€o. Finally, since F, = nl Zi Y ; equals the p-weighted aver-
age of 7, over J, eq = ZC Prp[X € ClM,(C) — Fy)? = Vary(#,), which is at most 1/4
because 7, takes values in [0, 1] (any [0, 1]-valued random variable has variance at most
1/4). This completes the proof. O

Proof of Theorem 19

Theorem 19 (Consistency rate of GridGBDT for binary classification) Under Assump-
tions 1-3, fix any shrinkage v € (0,1) and let fy; be the output of Algorithm 6 with 8, = 0,
so that all boosting rounds share the same unshifted grid. The expected excess error satisfies

. 1 1
Ep [R —RF <Ol =—=+a0-vYWM+h,+,/— .
RG] -7 < 0\ + @y 4 L)

Choosing h, = @(n~Y@+2) K = K, = Q(n*@*?), and M = M,, = Q(logn), we obtain
a consistency rate of order O(n=Y+2) for GridGBDT, matching the rate of GridCART
(Theorem 8) under the same assumptions.

Proof Since every iterate is clippedto [0, 1], we have Fy; : X — [0,1],and fy; = I{Fy; > 1/2}
is the plug-in classifier induced by Fy,;. Lemma 24 applies to any such [0, 1]-valued func-
tion, since its proof is pointwise and uses no property of the estimator; applying it with Fy,
in place of %, gives

R(fu)—R* < 2 / () — Fy (0] p)dx < 2 / 17— Falpdx + 2 / 17 — Fagpdx.

term (c) term (a)

by inserting 7, and applying the triangle inequality. Term (c) is O(h,v/d + \/1/(nh)) in
expectation over D,: it is exactly the quantity bounded by terms A and B in the proof of
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Lemma 6 (Appendix C), and is unaffected by boosting. For term (a), since |7, — Fp| < 1
pointwise, replacing p by the estimate p costs at most a total-variation term:

/ = Farlpdx < Ep[19n(X) = Far I + 1By, — Pl
term (b)

and term (b) is O(d(h,, + +/1/(nh,))) in expectation by Lemma 5, as in (2).
It remains to bound Ey |7, — Fp|. By Cauchy—Schwarz and the definition of the potential,

Ep[17.(X) = En(X)|] < \/[Ep[(ﬁn(X)—FM(X))Z] = Veum .

where the equality holds because both 7, and F,; are constant on every grid cube
(Lemma 17). By Lemma 18,
v

—_ )M
Ve < iHa-nve < i S o)

Kh}

by Theorem 16 with B = 1 and N = 1/h,,. Hence term (a) is O(1/1/(Kh3) + (1 — v)M), and
combining terms (a), (b), (c) gives the stated bound.

For the rate, h,, = ©(n~1/(4+2)) makes terms (b) and (c) both ®(n=1(@+2) as in the proof
of Theorem 8. Since (1 —v)M decays exponentially in M for any fixed v € (0, 1), there is
M, = Q(logn) (with constant depending on v, d) such that (1 — v)M» < p=1/(d+2)_For the
depth, with K, = Q(n*@*+2) and h,, = @(n~(4+2),

! = O(\/m) = O(n—1/(d+2)) )

Kyhn

All terms of the bound are therefore O(n~/(@+2)) under these choices, completing the proof.

O
Proof of Proposition 20
Proposition 20 (Refinement under a margin condition) Suppose Assumption 5 also holds

with exponent 8 > 0. In the setting of Theorem 19, the combined tree-fitting and optimiza-
tion contribution may then be bounded by

1 BI(B+2)
ol|l—+0a- ZM) .
((th 4= )

For B > 0, the choice K,, = Q(n“F+D/BE+2)) syffices to retain the rate O(n=(4+2),

Proof Under Assumption 5 one may bound term (a) by comparing fu
with  glist = 1{5, > 1/2} instead of routing through Lemma 24. Writing
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R(fur) — R* = (R(far) — R(g1Y) + (R(ghis') — R*), bounding the first difference by the dis-
agreement probability under p, and replacing p by p at the cost of term (b) as in (2), the
residual quantity to control is Pry[ o # ghi*t], while R(ghi*t) — R* is again term (c), bounded
by Lemma 6.

If for(x) # ghist(x), then Fy;(x) and 7,,(x) lie on opposite sides of 1/2, since both classifiers
threshold at 1/2. Hence, for any 7 > 0: either |9, (X) — 1/2| < 7, or |§,(X) — 1/2| > 7, in which
case 1/2 lying strictly between Fy;(x) and 7,,(x) forces [1j,(X) — Fyy(X)| > |[1.(X) —1/2| > 7
. Pointwise, therefore,

A # gh™ (0} < Wia(0) = 172 < 7} + {[,(x) = Fy(X)| > 7} .

Taking expectation under P, using Assumption 5 for the first term and Markov’s inequality
with E[(5, — Fa)?] = ey for the second,

Prylfu # ghis!] < Cof + ef—’;’ , Yr>0.

Choosing 7 = @(ell\,/f(ﬁ +2)) balances the two terms and gives O(eﬂ(ﬁ +2)). By Lemma 18,

ey < O(1/(Kh3) + (1 —»)*M), which is the stated replacement for term (a). For the depth,
with K, = Q(n#8+2/B@+0)Y and h,, = @(n~1@+2),

1 _ O(n—(4/5’+2)/(,8(d+2))+3/(d+2)) = O(n—(ﬁ+2)/(,6‘(d+2))) ,
K, h3
. _4B+2 3 - B+2 . .. : —1/(d+2)
using 2@ T i Y raising to the power /(8 +2) gives O(n ), and
M, = Q(log n) makes (1 — v)*M» negligible as before. This completes the proof. O
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